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Abstract. We identify a class of quasi-compact semi-separated (qcss) twisted

presheaves of algebras A for which well-behaved Grothendieck abelian cate-
gories of quasi-coherent modules Qch(A) are defined. This class is stable under

algebraic deformation, giving rise to a 1-1 correspondence between algebraic
deformations of A and abelian deformations of Qch(A). For a qcss presheaf

A, we use the Gerstenhaber-Schack (GS) complex to explicitly parameterize

the first order deformations. For a twisted presheaf A with central twists,
we descibe an alternative category QPr(A) of quasi-coherent presheaves which

is equivalent to Qch(A), leading to an alternative, equivalent association of

abelian deformations to GS cocycles of qcss presheaves of commutative alge-
bras. Our construction applies to the restriction O of the structure sheaf of

a scheme X to a finite semi-separating open affine cover (for which we have

Qch(O) ∼= Qch(X)). Under a natural identification of Gerstenhaber-Schack
cohomology of O and Hochschild cohomology of X, our construction is shown

to be equivalent to Toda’s construction from [48] in the smooth case.

1. introduction

1.1. Motivation. In algebraic geometry, the category Qch(X) of quasi-coherent
sheaves on a scheme X is of fundamental importance. In non-commutative con-
texts, an important task is to find suitable replacements for this category. For a
possibly non-commutative algebra A, the category Mod(A) of (right) A-modules is
a natural replacement since for A commutative, we have Mod(A) ∼= Qch(Spec(A)).
This way, algebraic structures naturally giving rise to well-behaved “categories of
quasi-coherent sheaves” can be considered to be non-commutative algebraic coun-
terparts of schemes (corresponding to a “choice of coordinates”). An important
instance constitutes the basis for non-commutative projective geometry, in which
to a sufficiently nice Z-graded algebra A, one associates a category QGr(A) of
“quasi-coherent graded modules”, obtained as the quotient of the graded modules
by the torsion modules. This is motivated by Serre’s well-known result that, for A
commutative, we have QGr(A) ∼= Qch(Proj(A)) (see [46], [51], [50], [12] for more
details and generalizations).

In this paper, we take the “local approach” to non-commutative schemes and
consider a presheaf of algebras A : Uop −→ Alg(k) on a small category U as a kind
of “non-commutative structure sheaf on affine opens”. Mimicking the process by
which a quasi-coherent sheaf is obtained by glueing modules on affine opens, we
define the category of quasi-coherent modules over A to be

(1.1) Qch(A) = Des(ModA),

the descent category of the prestack ModA of module categories on A.
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1.2. Twisted deformations and the Gerstenhaber-Schack complex. Our
main aim is to identify a class of presheaves of algebras A which behave well with
respect to deformation. Let k be a field. For simplicity, in this paper we focus
on first order deformations (in the direction of k[ε]). In order to understand what
to expect, let us look at the situation for algebras. For a k-algebra A, the Ger-
stenhaber deformation theory of A is controlled by the Hochschild cohomology
HH∗(A) = Ext∗Aop⊗A(A,A). In [40], a deformation theory for abelian categories
C was developed. This theory is controlled by an intrinsic notion of Hochschild
cohomology HH∗ab(C) [39]. For first order deformations, we obtain a commutative
square of isomorphisms:

(1.2) HH2(A)

��

ΨA1 // Defalg(A)

ΨA2
��

HH2
ab(Mod(A)) // Defab(Mod(A))

in which the “upper route” ΨA = ΨA
2 ΨA

1 is given by

(1.3) ΨA : HH2(A) −→ Defab(Mod(A)), φ 7−→ Mod(Āφ)

where Āφ is the first order algebra deformation of A canonically associated to a
Hochschild 2-cocycle φ in the Hochschild complex C(A).

The first main aim in this paper, is to construct the upper route for presheaves of
algebras A. Let A : Uop −→ Alg(k) be a presheaf of k-algebras on a small category
U . In §2, we describe an explicit isomorphism

(1.4) ΨA1 : HH2(A) −→ Deftw(A), φ 7−→ Āφ.

Here, HH∗(A) = Ext∗Aop⊗A(A,A) is computed by the Gerstenhaber-Schack com-
plex CGS(A) [20], and Deftw(A) denotes first order deformations of A as a twisted
presheaf (Theorem 2.21). The fact that an isomorphism exists follows for instance
from combining [41] and [37], but for our purpose we are interested in the explicit
description of (1.4) based upon CGS(A).

The complex CGS(A) is the total complex of a first quadrant double complex,
with

Cp,q(A) =
∏

σ∈Np(U)

Homk(A(cσ)⊗q,A(dσ)),

where N (U) is the simplicial nerve of U , and dσ (resp. cσ) is the domain (resp.
codomain) of a simplex σ. The differential is obtained from vertical Hochschild
differentials and horizontal simplicial differentials. In particular, the bottom row
Cp,0(A) is the simplicial cohomology complex Csimp(A). We have

(1.5) C2
GS(A) = C0,2(A)⊕C1,1(A)⊕C2,0(A),

and in (1.4), a cocycle φ = (m1, f1, c1) gives rise to a twisted deformation Āφ of
A in which m1 deforms the individual algebras A(U), f1 deforms the restriction
maps, and c1 introduces twists.

If A is a presheaf of commutative algebras, the bottom row Csimp(A) splits off
as a direct summand of the complex CGS(A), corresponding to the fact that every
deformation Āφ has central twists and an underlying presheaf Āφ = Ā(m1,f1,0)

associated to the cocycle (m1, f1, 0). For a twisted presheaf A with central twists,
we describe a category QPr(A) of quasi-coherent presheaves, closer in spirit to the
twisted sheaves considered for instance in [8], and equivalent to the category Qch(A)
(Theorem 4.12).
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1.3. Twisted versus abelian deformations. Motivated by the fact that twisted
presheaves of algebras naturally occur as deformations of presheaves, we consider
definition (1.1) a priori for arbitrary twisted presheaves (or prestacks) A. In order
for Qch(A) to be well-behaved under deformation, we impose a number of “geo-
metric” conditions upon A in §4.

The first condition is actually independent of deformation theory: in order that
Qch(A) is a Grothendieck abelian category, we impose that the restriction functors
u∗ : A(U) −→ A(V ) for u : V −→ U in U give rise to the induced

−⊗A(U) A(V ) : Mod(A(U)) −→ Mod(A(V ))

being exact (Theorem 4.14). Our framework encompasses the framework considered
in [15].

A fundamental notion in deformation theory is flatness, and in [40], a suitable
notion of flatness for abelian categories was introduced. In order that Qch(A)
becomes flat (over a commutative ground ring — which in our setup will be k[ε]),
we further impose the following conditions:

(1) U is a finite poset with binary meets;
(2) The functors −⊗A(U)A(V ) are the exact left adjoints of compatible locali-

zation functors.

A prestack A satisfying these conditions is called a quasi-compact semi-separated
(qcss) prestack. In Theorem 5.10, we prove that for a qcss prestack A, there is an
isomorphism

(1.6) ΨA2 : Deftw(A) −→ Defab(Qch(A)), Ā 7−→ Qch(Ā).

The notion of qcss prestack is preserved under deformation, in particular the iso-
morphism ΨA2 inductively extends to an isomorphism between higher order defor-
mations.

Combining (1.4) and (1.6), we have now explicitly constructed the upper route
ΨA = ΨA2 ΨA1 for a qcss presheaf of algebras A as

(1.7) ΨA : HH2(A) −→ Defab(Qch(A)), φ 7−→ Qch(Āφ).

1.4. Relation with Toda’s construction. The prime example of a qcss presheaf
is the restriction O = OX |U of the structure sheaf of a scheme X to a finite semi-
separating cover U (i.e. an open affine cover closed under intersections). Suppose
from now on that Q ⊆ k. In [48], Toda describes, for a smooth quasi-compact sep-
arated scheme X, a construction which associates to an element u ∈ HH2(X) =
Ext2

X×X(OX ,OX), a certain k[ε]-linear abelian category Qch(X,u) which he con-
siders to be a “first order deformation” of Qch(X). This category is not a priori
an abelian deformation in the sense of [40]. The second main aim in this paper
is to clarify the relation between Toda’s construction and the map ΨO from (1.7).
Concretely, Toda’s starting point is an element u in

(1.8) HH2
HKR(X,U) = Ȟ2(U ,OX)⊕ Ȟ1(U , TX)⊕ Ȟ0(U ,∧2TX).

The resemblance between (1.5) and (1.8) is no coincidence. In order to understand
it properly, we devote §3 to a discussion of Gerstenhaber and Schack’s Hodge de-
composition of HHn(A) for presheaves of commutative algebras A, from which we
deduce an HKR decomposition in the smooth case (Theorem 3.3). When applied
to the restricted structure sheaf O = OX |U of a smooth semi-separated scheme, the
decomposition translates into (1.8) and we obtain

(1.9) HHn(O) ∼= HHn
HKR(X,U)

(the application to smooth complex projective varieties is treated by Gerstenhaber
and Schack in [20], and motivated their work). Note that when combined with the
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isomorphism HHn(X) ∼= HHn(O) proved for a quasi-compact separated scheme
in [39], (1.9) yields the classical HKR decomposition formula for schemes, proved
for instance by Swan [47] and Yekutieli [53] under stronger finiteness assumptions.
The possibility to interpret the Hochschild cohomology HH2(X) in terms of non-
commutative deformations of X is an important ingredient in the Homological
Mirror Symmetry setup [27].

In Theorem 5.12, we show that if φ ∈ HH2(O) corresponds to u ∈ HH2
HKR(X,U)

under (1.9), then for the image ΨO(φ) = Qch(Ōφ) of φ under (1.7), there are
equivalences of abelian categories

Qch(Ōφ) ∼= QPr(Ōφ) ∼= Qch(X,u).

The intermediate category of quasi-coherent presheaves QPr(Ōφ) is essential in the
proof of the theorem.

In case X is a quasi-compact semi-separated scheme, it follows in particular that
Qch(X,u) is an abelian deformation of Qch(X) in the sense of [40] and the general
theory, including the obstruction theory for lifting objects [35], applies. This is
used for instance by Macr̀ı and Stellari in the context of an infinitesimal derived
Torelli theorem for K3 surfaces [42, §3].

1.5. Broader context. We end this introduction by situating the present paper in
a broader context. Twisted presheaves and, more generally, (algebroid) prestacks
play an important role in deformation quantization, a role which dates back to
the work by Kashiwara in the context of contact manifolds [25]. In the algebraic
context, the first proposal to use stacks in deformation quantization was made by
Kontsevich in [28]. Since the appearance of that paper, several (groups of) people
have elaborated and elucidated parts of the suggested approach, and many other
directions have been investigated since. The present paper has two main parts, each
one starting from the basic notion of twisted deformations as given in Definition
2.20 (first order case):

(1) the relation with the Gerstenhaber-Schack complex (see §1.2);
(2) the relation with abelian deformations of “quasi-coherent modules” (see
§1.3).

Concerning (1), there are several works in which some notion of twisted defor-
mations is studied by means of a Hochschild type deformation complex. However,
in these works, both the precise notion of twisted deformation and the deformation
complex tend to differ from the ones we consider.

Firstly, on the level of deformations, the notions under consideration are often
adapted to a geometric picture which involves sheaves of (commutative) algebras,
and twisted sheaves are obtained by glueing actual sheaves together in a “twisted”
way, see the work by Caldararu [8]. For instance, in [55], [56], Yekutieli uses crossed
groupoids as the technical tool to capture such twists on the level of deformation
groupoids. Note that our approach is philosophically quite different, as it deals
with twisted presheaves of algebras as algebraic objects in their own right, living a
priori on an arbitrary base category U . In the commutative case, the relation with
the higher viewpoint on the level of associated abelian categories is detailed in §4.3.

Secondly, the deformation complexes associated to specific twisted deformations
in the literature are quite different from the Gerstenhaber-Schack complex. For
instance, in smooth geometric setups - often considered in the context of deforma-
tion quantization - it is natural to replace Hochschild complexes by subcomplexes
of polydifferential operators, in order to arrive at a sheaf of structured complexes
which can be globalized [29], [28], [49], [7], [54], [55], [56]. This method is detailed
for instance in [49, Appendix 4], which also treats the relation with a construction
by Hinich [23] - the most refined formality result in terms of higher structure being
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obtained by Calaque and Van den Bergh in [7]. A very different type of globalization
of Hochschild complexes on quasi-compact opens was described in [38].

Let us comment a bit further upon the fact that since its appearance in [18] [20],
[21], the Gerstenhaber-Shack complex has not been more intensively used as defor-
mation complex in concrete applications, although it perfectly describes first order
twisted deformations of a presheaf (Theorem 2.21). The complex itself was discov-
ered well before twisted sheaves were studied in deformation theory, and whereas
Gerstenhaber and Schack identified a subcomplex which describes deformations of
presheaves, they did not pay attention to the more general deformations described
by their complex. Further, the complex is not naturally endowed with a dg Lie
algebra stucture, making it at first sight less suited for higher order deformation
theory. It turns out that this situation can in fact be remedied, as we show in [14]:
a Gerstenhaber-Schack complex can be defined for an arbitrary twisted presheaf
(or prestack), and can naturally be endowed with an L∞-structure. In particular,
this generalized Gerstenhaber-Schack complex may be a valid alternative complex
in the setup of the work by Bressler et. al. [3], [4], [5], where deformations of
algebroid prestacks are studied in various differential geometric setups.

In our opinion, the main advantage of the Gerstenhaber-Schack complex over
some of the alternatives is that it does not require any smoothness hypothesis
whatsoever, and in the commutative case (in characteristic zero) it possesses a
purely algebraic Hodge decomposition which under natural smoothness conditions
reduces to the HKR decomposition (Theorem 3.3). In the forthcoming [32], we
use the complex and its Hodge decomposition to compute deformations of some
concrete singular schemes.

Concerning (2), several works like [28] and [48] use an intuitive concept of abelian
deformations, an actual formalized theory of such deformations was developed in
[40], [39]. In the current paper, we place Toda’s construction from [48] within the
realm of [40] (see §1.4). Our categories of quasi-coherent modules, obtained as
descent categories of module categories, correspond to the abelian categories con-
sidered in [28]. For now, their use seems mostly limited to the (non-commutative)
algebraic geometric setup. In contrast, in differential setups, larger sheaf categories
are often taken as starting point, with no well-behaved category of quasi-coherent
sheaves a priori available. The main body of [33] deals with abelian deformations
of sheaf categories, and Morita theory of such categories was further developed in
work by D’Agnolo and Polesello [10], [11], [44]. In the future, it would be interest-
ing to understand to what extent the descent method used in this paper may be of
use in non-algebraic contexts, to capture notions like DQ modules [26] or cohesive
modules [2].

Acknowledgement. The authors are greatly indebted to Michel Van den Bergh for
the idea of using prestacks in order to capture abelian deformations.

The authors thank the referee for pointing out some additional related literature
which helped putting our results in a broader context as described under §1.5.

2. The Gerstenhaber-Schack complex and twisted deformations

Let A be a presheaf of algebras on a small category U . In [20], [21], Gerstenhaber
and Schack introduce the Hochschild cohomology of presheaves of algebras to be
HHn(A) = ExtnBimod(A)(A,A), computed in the category Bimod(A) of bimodules

over A, and they describe an explicit complex CGS(A) computing this cohomology.
In contrast with the situation for algebra deformations studied by Gerstenhaber
in [16], [17], there is no perfect match between the second Hochschild cohomology
and the natural first order deformations of A as a presheaf of algebras. In order to
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describe the latter, one has to restrict the attention to a subcomplex of the complex
CGS(A) [18].

In [37], [41], new light is thrown on the situation, showing that the Hochschild
cohomology of A is in fact naturally related to deformations of A not as a presheaf,
but rather as a twisted presheaf of algebras. This is argued in two steps. In step
one, the presheaf A is turned into an associated fibered U-graded category a by
a k-linear version of the Grothendieck construction [1], with a graded Hochschild
complex CU (a). By a new version of the Cohomology Comparison Theorem [41],
CU (A) also computes HHn(A). In step two, described in [37], the complex CU (a)
is seen to control the deformation theory of the fibered category a, which in turn
is equivalent to the deformation theory of A as a twisted presheaf.

An advantage of this approach, is the fact that the complex CU (a) (in contrast to
CGS(A)) is readily seen to be endowed with a B∞-structure controlling the higher
order deformation theory.

There is however a disadvantage: in the associated fibered category to a twisted
presheaf, the typical three pieces of data determining the algebraic structure (the
multiplications of the algebras, the restriction maps, and the twist elements) are
mixed into a single algebraic operation (the composition of the category), and by
deforming this operation at once, we lose our immediate grip on how the three
individual pieces of structure deform.

In contrast, in degree two of the Gerstenhaber-Schack complex we have

C2
GS(A) = C0,2(A)⊕C1,1(A)⊕C2,0(A),

where the three pieces of this decomposition allow us to encode the three pieces of
data necessary to describe a first order deformation of A as a twisted presheaf. In
this section, we give a direct proof that H2CGS(A) classifies deformations of A as a
twisted presheaf of algebras (Proposition 2.21). In [14], we go a step further defining
a Gerstenhaber-Schack complex for arbitrary twisted presheaves (or prestacks), and
endowing it with an L∞-structure controlling higher order deformation theory.

Throughout, let k be a commutative ring with unit and let k[ε] be the ring of
dual numbers. We always assume that algebras have units, morphisms between
algebras preserve units, modules are unital.

2.1. Hochschild cohomology of algebras. In this section, we briefly recall the
basic definition of the Hochschild complex of an algebra, as well as its classical
relation with first order deformations.

Let A be a k-algebra and M an A-bimodule. The Hochschild complex C(A,M)
has Cn(A,M) = Homk(A⊗n,M) and the Hochschild differential dnHoch : Cn(A,M) −→
Cn+1(A,M) is given by

dnHoch(φ)(an, an−1, . . . , a0) =anφ(an−1, . . . , a0)

+

n−1∑
i=0

(−1)i+1φ(an, . . . , an−ian−i−1, . . . , a0)

+ (−1)n+1φ(an, . . . , a1)a0.

In particular, d0
Hoch : C0(A,M) −→ C1(A,M) is given by

(2.1) M −→ Homk(A,M), m 7−→ (a 7−→ am−ma).

A cochain φ ∈ Cn(A,M) is called normalized if φ(an−1, . . . , a0) = 0 as soon as
ai = 1 for some 0 ≤ i ≤ n − 1. The normalized cochains constitute a subcomplex
C̄(A,M) of C(A,M), for which the inclusion C̄(A,M) −→ C(A,M) is a quasi-
isomorphism.
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The Hochschild complex of A is the complex C(A) = C(A,A). Note that the
multiplication m on A is an element m ∈ C2(A). The Hochschild cohomology of A
is HHn(A) = HnC(A).

Definition 2.1. Let (A,m) be a k-algebra. A first order deformation of A is given
by a k[ε]-algebra (Ā, m̄) = (A[ε],m + m1ε) where m1 ∈ C2(A), such that the unit
of Ā is the same as the unit of A.

For two deformations (Ā, m̄) and (Ā′, m̄′) of A an equivalence of deformations is
given by an isomorphism of the form 1 + gε : Ā −→ Ā′ with g ∈ C1(A).

Let Defalg(A) denote the set of first order deformations of A up to equivalence
of deformations.

Proposition 2.2. Let A = (A,m) be a k-algebra.

(1) For m1 ∈ C2(A), we have that (A[ε],m+m1ε) is a first order deformation
of A if and only if m1 ∈ C̄2(A) and dHoch(m1) = 0.

(2) For m1,m
′
1 ∈ Z2C̄(A) and g1 ∈ C1(A), we have that 1 + g1ε is an isomor-

phism between Ā and Ā′ if and only if g1 ∈ C̄1(A) and dHoch(g1) = m1−m′1.
(3) We have an isomorphism of sets

H2C̄(A) −→ Defalg(A), m1 7−→ (A[ε],m+m1ε).

Hence HH2(A) ∼= H2C̄(A) classifies first order deformations of A up to
equivalence.

The following easy observation will be important later on:

Lemma 2.3. Let A = (A,m) be a k-algebra with first order deformation Ā =
(A[ε],m+m1ε). We have Z(A)ε ⊆ Z(Ā).

Proof. We have (m + m1ε)(aε, b + b1ε) = m(a, b)ε and (m + m1ε)(b + b1ε, aε) =
m(b, a)ε so if a is central in A, aε is central in Ā. �

Finally, we discuss the operation of taking opposites. For a k-algebra A = (A,m),

let Modr(A), Modl(A), Bimod(A) be the categories of right modules, left modules
and bimodules respectively. Let A

op

= (A
op

,m
op

) be the opposite algebra, i.e.
A

op

= A as k-modules and m
op

(a, b) = m(b, a). Taking the opposite algebra defines
a self inverse automorphism of the category Alg(k), sending a morphism f : A −→ B
of k-algebras to the morphism f

op

: A
op −→ B

op

, a 7−→ f(a). The identity map
1A : A −→ A

op

is a morphism (and hence an isomorphism) of k-algebras if and only
if A is commutative.

We have an isomorphism of categories (−)
op

: Modr(A) −→ Modl(A
op

), M −→
M

op

with the left action on M
op

given by the right action on M . Similarly,
we have isomorphisms (−)

op

: Modl(A) −→ Modr(A
op

) and (−)
op

: Bimod(A) −→
Bimod(A

op

).
The idea of taking opposites can be extended to the Hochschild complex in the

following way. For a k-algebra A and A-bimodule M , we have an isomorphism

(2.2) (−)
op

: Cn(A,M) −→ Cn(A
op

,M
op

), φ 7−→ φ
op

= (−1)λ(n)φ]

with
φ](an−1, . . . , a1, a0) = φ(a0, a1, . . . , an−1)

and

λ(n) =
(n− 1)(n+ 2)

2
.

These operations are compatible with the Hochschild differential, whence they de-
fine an isomorphism of complexes (−)

op

: C(A,M) −→ C(A
op

,M
op

) resulting in
isomorphisms HHn(A,M) ∼= HHn(A

op

,M
op

) and HHn(A) ∼= HHn(A
op

) for all
n.
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Example 2.4. Let a, b, c ∈ A. For n = 0, we have

(−)
op

: M −→M
op

, m 7−→ −m.
For n = 1, φ ∈ Homk(A,M), we have φ

op

(a) = φ(a).
For n = 2, φ ∈ C2(A,M), we have φ

op

(a, b) = φ(b, a).
For n = 3, φ ∈ C3(A,M), we have φ

op

(a, b, c) = −φ(c, b, a).

In particular, for a k-algebra A = (A,m) and morphism of k-algebras f : A −→
B, m

op

: A
op ⊗Aop −→ A

op

and f
op

: A
op −→ B

op

are as defined before. We further
obtain the following almost tautological relation with deformations:

Proposition 2.5. Consider a k-algebra (A,m) with m1 ∈ Z2C̄(A) and consider
m

op

1 ∈ Z2C̄(A
op

). The corresponding deformations (A[ε],m+m1ε) and (A
op

[ε],m
op

+
m

op

1 ε) are such that A
op

[ε] = A[ε]
op

.

2.2. Simplicial cohomology of presheaves. In this section we introduce a sim-
plicial cohomology complex associated to two arbitrary presheaves of k-modules.
If we take the first presheaf equal to the constant presheaf k, we recover the usual
simplicial cohomology of the second presheaf.

Let U be a small category and let F = (F , f) and G = (G, g) be presheaves of
k-modules with restriction maps fu : F(U) −→ F(V ) and gu : G(U) −→ G(V ) for
u : V −→ U in U .

Let N (U) be the simplicial nerve of U . Our standard notation for a p-simplex
σ ∈ Np(U) is

(2.3) σ = ( dσ = U0
u1 // U1

u2 // · · ·
up−1 // Up−1

up // Up = cσ ).

If confusion can arise, we write Ui = Uσi and ui = uσi instead. For σ ∈ Np(U), we
obtain a map

fσ = fup...u2u1 : F(Up) −→ F(U0).

As part of the simplicial structure of N (U), we have maps

∂i : Np+1(U) −→ Np(U), σ 7−→ ∂iσ

for i = 0, 1, . . . , p + 1. For σ = ( U0
u1 // U1

u2 // · · ·
up // Up

up+1 // Up+1 ), we

have

∂p+1σ = ( U0
u1 // U1

u2 // · · ·
up−1 // Up−1

up // Up ),

∂0σ = ( U1
u2 // U2

u3 // · · ·
up // Up

up+1 // Up+1 ),

and

∂iσ = ( U0
u1 // · · · // Ui−1

ui+1ui // Ui+1
// · · ·

up+1 // Up+1 )

for i = 1, . . . , p. Now put

Cp
simp(G,F) = Cp(G,F) =

∏
σ∈Np(U)

Homk(G(cσ),F(dσ)).

Every ∂i gives rise to a map

di : Cp(G,F) −→ Cp+1(G,F)

which we now describe.
Consider φ = (φτ )τ ∈ Cp(G,F). We are to define diφ = (diφ

σ)σ ∈ Cp+1(G,F),
so consider fixed σ.

For i = 1, . . . , p, note that cσ = c∂iσ and dσ = d∂iσ so we can put

diφ
σ = φ∂iσ.
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Next we define d0φ
σ as the following composition:

G(Up+1)
φ∂0σ // F(U1)

fu1 // F(U0).

Finally we define dp+1φ
σ as the following composition:

G(Up+1)
gup+1

// G(Up)
φ∂p+1σ

// F(U0).

We define

dsimp =

p+1∑
i=0

(−1)idi : Cp(G,F) −→ Cp+1(G,F).

Lemma 2.6. d2
simp = 0.

Example 2.7. Take G = k the constant presheaf. Then we obtain

Cp
simp(F) = Cp(k,F) =

∏
σ∈Np(U)

F(dσ).

The cohomology of this complex is called the simplicial presheaf cohomology of F ,
and is denoted by

Hp(U ,F) = HpCsimp(F).

When p ≥ 1 ,the simplex σ in (2.3) is said to be degenerate if ui = 1Ui for some
i. A p-cochain φ = (φσ)σ ∈ Cp(G,F) is said to be reduced if φσ = 0 whenever
σ is degenerate. All 0-cochains are reduced by convention. It is easy to see that
dsimp preserves reduced cochains and hence we obtain a subcomplex C′•(G,F) ⊆
C•(G,F) consisting of reduced cochains.

Equip Cp(G,F) with a filtration · · · ⊆ F pCp ⊆ F p−1Cp ⊆ · · · ⊆ F 0Cp =
Cp(G,F) by setting

F jCp = {φ = (φσ)σ ∈ Cp(G,F) | φσ = 0 whenever uσi = 1Uσi for some i ≤ j}.

Since dsimp(F jCp) ⊆ F jCp+1, F jC• is a complex. There is a sequence of complexes

· · · ↪→ F jC• ↪→ F j−1C• ↪→ · · · ↪→ F 0C•.

For p ≥ j − 1 ≥ 0, define χ : Np(U) −→ Np+1(U) by

χ(σ) = ( U0
u1 // · · · // Uj−2

uj−1 // Uj−1

1Uj−1// Uj−1

uj // Uj // · · ·
up // Up ).

Lemma 2.8. The inclusion l : F jC• ↪→ F j−1C• is a quasi-isomorphism.

Proof. First of all, let us prove Hp(l) is injective. Suppose φ ∈ Zp(F jC•) ∩
Bp(F j−1C•), say φ = dsimp(ψ) for some ψ ∈ F j−1Cp−1. We want to show
φ ∈ Bp(F jC•).

If p ≤ j, then ψ ∈ F j−1Cp−1 = F jCp−1, so φ ∈ Bp(F jC•).
If p > j, define ψ1 = (ψχ(ζ))ζ ∈ Cp−2(G,F). It is obvious that dsimp(ψ1) ∈

F j−1Cp−1. Note that for any σ ∈ Np−1(U) with uσj = 1Uσj ,

ψσ − (−1)jdsimp(ψ1)σ = −(−1)jdsimp(ψ)χ(σ) = −(−1)jφχ(σ) = 0.

So ψ− (−1)jdsimp(ψ1) ∈ F jCp−1 and φ = dsimp(ψ− (−1)jdsimp(ψ1)) ∈ Bp(F jC•).
Next we will prove Hp(l) is surjective. It suffices to show that for any θ ∈

Zp(F j−1C•) there exists θ′ ∈ Zp(F jC•) such that θ − θ′ ∈ Bp(F j−1C•).
If p < j, then since F j−1Cp = F jCp, we take θ′ = θ.
If p ≥ j, define θ1 = (θχ(σ))σ ∈ Cp−1(G,F). By the same argument as above,

we have θ1 ∈ F j−1Cp−1 and θ − (−1)jdsimp(θ1) ∈ Zp(F jC•). Therefore we take
θ′ = θ − (−1)jdsimp(θ1). �
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Notice that for every fixed p, the filtration F •Cp is stationary. By Lemma 2.8,
we have

Proposition 2.9. The inclusion C′•(G,F) ↪→ C•(G,F) is a quasi-isomorphism.

Definition 2.10. Let (F , f) be a presheaf of k-modules. A first order deformation
of F is given by a presheaf of k[ε]-modules

(F̄ , f̄) = (F [ε], f + f1ε)

where f1 ∈ C1
simp(F ,F).

For two deformations (F̄ , f̄) and (F̄ ′, f̄ ′) an equivalence of deformations is given
by an isomorphism of the form g = 1 + g1ε where g1 ∈ C0

simp(F ,F).

Proposition 2.11. Let F = (F , f) be a presheaf of k-modules.

(1) For f1 ∈ C1
simp(F ,F), we have that (F [ε], f + f1ε) is a first order deforma-

tion of F if and only if f1 is reduced and dsimp(f1) = 0.
(2) For f1, f ′1 ∈ Z1C′simp(F ,F), and g1 ∈ C0

simp(F ,F), g = 1 + g1ε is an

isomorphism between F̄ and F̄ ′ if and only if dsimp(g1) = f1 − f ′1.
(3) The first cohomology group H1(F ,F) classifies first order deformations of
F up to equivalence.

Proof. (1) (F [ε], f̄ = f + f1ε) is a first order deformation of F if and only if for any
v : W −→ V , u : V −→ U in U the equations f̄uv = f̄v f̄u and f̄1U = 1F [ε](U) hold.

These equations are equivalent to dsimp(f1) = 0 and f1U
1 = 0 respectively.

(2) g = 1 + g1ε is an isomorphism between F̄ and F̄ ′ if and only if for any
u : V −→ U the equation f̄ ′ugU = gV f̄u holds. This equation is equivalent to
dsimp(g1) = f1 − f ′1.

(3) This follows from (1), (2) and Proposition 2.9. �

2.3. Simplicial presheaf complex. In this section, we introduce a simplicial com-
plex of presheaves associated to an arbitrary presheaf of algebras.

Let (A,m, f) be a presheaf on U . For U ∈ U , we obtain an induced presheaf
A|U on U/U with A|U (V −→ U) = A(V ). We identify σ ∈ Nn(U/U) with the
object dσ −→ U in U/U by composing all morphisms of σ. For n ≥ 0, we define a
presheaf An = (An,mn, ρn) on U by

An(U) =
∏

σ∈Nn(U/U)

A|U (σ)

endowed with the product algebra structure mn,U . For u : V −→ U , there is a
natural functor U/V −→ U/U sending v : W −→ V to uv : W −→ U and hence
a natural map Nn(U/V ) −→ Nn(U/U), σ 7−→ uσ. For σ ∈ Nn(U/V ), we further
have A|V (σ) = A|U (uσ). Thus, we obtain restriction maps

ρn,u : An(U) −→ An(V ), (aτ )τ 7−→ (auσ)σ

finishing the definition of An.
Next, we define a morphism of presheaves ϕn : An −→ An+1. The maps

∂i : Nn+1(U/U) −→ Nn(U/U)

give rise to the desired maps

ϕn,U :
∏

τ∈Nn(U/U)

A|U (τ) −→
∏

σ∈Nn+1(U/U)

A|U (σ)

(aτ )τ 7−→
(
uσ∗1 (a∂0σ) +

n+1∑
i=1

(−1)ia∂iσ
)
σ

.
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Clearly, (A•, ϕ•) is a complex. In particular, ϕ0,U : A0(U) −→ A1(U) is defined
in the following way. For

a = (au)u ∈
∏

u : V−→U
A(V ) and σ = ( V0

v // V1
u // U ),

we have
ϕ0,U (a)σ = v∗(au)− auv.

Lemma 2.12. Ker(ϕ0) ∼= A.

Proof. Let ε : A −→ A0 be the obvious map induced by f . It is easy to verify
Im(ε) = Ker(ϕ0), and ε is injective since f1U is identity map. �

2.4. The Gerstenhaber-Schack complex. Let U be a small category and let

A : U
op

−→ Alg(k), U 7−→ A(U)

be a presheaf of k-algebras with restriction maps denoted by fu : A(U) −→ A(V ) for
u : V −→ U in U . For n ≥ 0, we consider the presheaf A⊗n on U with A⊗n(U) =
A(U)⊗n (in particular A⊗0(U) = k). For σ ∈ Np(U), we consider A(dσ) as an
A(cσ)-bimodule through fσ : A(cσ) −→ A(dσ).

In [20], Gerstenhaber and Schack define the complex CGS(A) which combines
Hochschild and simplicial complexes. For p, q ≥ 0, we put

Cp,q(A) =
∏

σ∈Np(U)

Homk(A(cσ)⊗q,A(dσ)).

We obtain a double complex in the following way. For fixed q, we have

C•,q = Csimp(A⊗q,A)

which we endow with the (horizontal) simplicial differential dsimp from §2.2. For
fixed p, we have

Cp,• =
∏

σ∈Np(U)

C(A(cσ),A(dσ))

which we endow with the (vertical) product Hochschild differential dHoch. One can
easily check dHochdsimp = dsimpdHoch. As usual, we endow the associated total

complex C•GS(A) with differentials dnGS : Cn
GS(A) −→ Cn+1

GS (A) as follows

dnGS = (−1)n+1dsimp + dHoch.

Recall that a cochain φ = (φσ)σ ∈ Cp,q(A) is called normalized if for any p-
simplex σ, φσ is normalized, and it is called reduced if φσ = 0 whenever σ is
degenerate. The normalized cochains form a subcomplex C̄•GS(A) of C•GS(A), the
normalized Hochschild complex of A. The normalized reduced cochains form a
further subcomplex C̄′•GS(A) of C̄•GS(A), the normalized reduced Hochschild complex
of A.

Proposition 2.13. The inclusions C̄′•GS(A) −→ C̄•GS(A) −→ C•GS(A) are quasi-
isomorphisms.

Proof. For the inclusion C̄•GS(A) −→ C•GS(A), the proof can be found in [20].
For the inclusion C̄′•GS(A) −→ C̄•GS(A), using Lemma 2.8, each row of the double
complex C̄′•,•(A) is quasi-isomorphic to the corresponding row of C̄•,•(A), so the
spectral sequences (filtrations by rows) of C̄′•,•(A) and C̄•,•(A) are isomorphic. �

For the complex CGS(A), we obtain a subcomplex CtGS(A) by eliminating the
bottom row. Precisely, we have CtGS(A)n = ⊕p+q=n,q≥1C

p,q(A) with the induced
differential dGS. We call the resulting complex the truncated Hochschild complex.
Similarly, we obtain the truncated normalized Hochschild complex C̄tGS(A) and the
truncated normalized reduced Hochschild complex C̄′tGS(A).
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There is an exact sequence of complexes

(2.4) 0 −→ CtGS(A) −→ CGS(A) −→ Csimp(A) −→ 0

where the cokernel is obtained from the projection onto the bottom row Cp,0(A)
of the double complex Cp,q(A).

Proposition 2.14. Let A be a presheaf of commutative k-algebras. The bottom
row C•,0(A) = Csimp(A) is a subcomplex of CGS(A) and the canonical projec-
tion CGS(A) −→ CtGS(A) is a morphism of complexes, canonically splitting the
sequence (2.4) as a sequence of complexes whence we have

CGS(A) = CtGS(A)⊕Csimp(A).

Similarly, we have

C̄′GS(A) = C̄′tGS(A)⊕C′simp(A).

Proof. In the double complex Cp,q(A), the maps from Cp,0(A) to Cp,1(A)∏
σ∈Np(U)

A(dσ) −→
∏

σ∈Np(U)

Homk(A(cσ),A(dσ))

are determined by the maps d0
Hoch : A(dσ) −→ Homk(A(cσ),A(dσ)) described in

(2.1). By commutativity of A(dσ), we have d0
Hoch = 0. The claim follows. �

Finally, we extend the operation of taking opposite cochains from §2.1 to the
setting of twisted presheaves. Let A be a twisted presheaf with opposite presheaf
Aop

with Aop

(U) = A(U)
op

and induced opposite restriction maps. For p, q ≥ 0,
we have an isomorphism

(−)
op

: Cp,q(A) −→ Cp,q(A
op

), (φσ)σ 7−→
(
(φσ)

op)
σ
.

These isomorphisms are compatible with the Hochschild and simplicial differentials,
whence they give rise to isomorphisms

(2.5) (−)
op

: CGS(A) −→ CGS(A
op

)

and (−)
op

: CtGS(A) −→ CtGS(Aop

), with the resulting cohomology isomorphisms.

2.5. The situation in low degrees. Let A be a presheaf of k-algebras as before.
Let us list the ingredients in Cn(A) = Cn

GS(A) for n = 0, 1, 2, 3 and describe the
differentials.

When n = 0, we have

C0(A) = C0,0(A) =
∏
U0∈U

A(U0).

When n = 1, C1(A) = C0,1(A)⊕C1,0(A) with

C0,1(A) =
∏
U0∈U

Homk(A(U0),A(U0))

and

C1,0(A) =
∏

u1 : U0−→U1

A(U0).

When n = 2, we have C2(A) = C0,2(A)⊕C1,1(A)⊕C2,0(A) with

C0,2(A) =
∏
U0∈U

Homk(A(U0)⊗2,A(U0)),

C1,1(A) =
∏

u1 : U0−→U1

Homk(A(U1),A(U0)),



NON-COMMUTATIVE DEFORMATIONS AND QUASI-COHERENT MODULES 13

and
C2,0(A) =

∏
u1 : U0−→U1
u2 : U1−→U2

A(U0).

When n = 3, C3(A) = C0,3(A)⊕C1,2(A)⊕C2,1(A)⊕C3,0(A) with

C0,3(A) =
∏
U0∈U

Homk(A(U0)⊗3,A(U0)),

C1,2(A) =
∏

u1 : U0−→U1

Homk(A(U1)⊗2,A(U0)),

C2,1(A) =
∏

u1 : U0−→U1
u2 : U1−→U2

Homk(A(U2),A(U0)),

and
C3,0(A) =

∏
u1 : U0−→U1
u2 : U1−→U2
u3 : U2−→U3

A(U0).

The differentials are given by

d0
GS(θ0,0) = (dHoch(θ0,0),−dsimp(θ0,0)),

d1
GS(θ0,1, θ1,0) = (dHoch(θ0,1), dsimp(θ0,1) + dHoch(θ1,0), dsimp(θ1,0)),

d2
GS(θ0,2, θ1,1, θ2,0) = (dHoch(θ0,2),−dsimp(θ0,2) + dHoch(θ1,1),

− dsimp(θ1,1) + dHoch(θ2,0),−dsimp(θ2,0)).

2.6. Twisted presheaves. Twisted presheaves of algebras are natural variants
of presheaves, which only satisfy the composition law for restriction maps up to
conjugation by invertible elements.

Definition 2.15. A twisted presheaf of k-algebras A = (A,m, f, c, z) on U consists
of the following data:

• for every U ∈ U a k-algebra (A(U),mU );
• for every u : V −→ U in U a morphism of k-algebras fu = u∗ : A(U) −→
A(V );

• for every pair v : W −→ V , u : V −→ U an invertible element cu,v ∈ A(W )
such that for every a ∈ A(U) we have

cu,vv∗u∗(a) = (uv)∗(a)cu,v.

• for every U ∈ U an invertible element zU ∈ A(U) such that for every
a ∈ A(U) we have

zUa = f1U (a)zU .

These data further satisfy the following compatibility conditions:

cu,vwcv,w = cuv,ww∗(cu,v),(2.6)

cu,1V zV = 1, c1U ,uu∗(zU ) = 1

for every triple w : T −→W , v : W −→ V , u : V −→ U .

Remarks 2.16. (1) An ordinary presheaf (A,m, f) is naturally interpreted as a
twisted presheaf with cu,v = 1 and zU = 1.

(2) A twisted presheaf (A,m, f, c, z) with cu,v and zU being central for all
(u, v) and U is said to have central twists. Such a twisted presheaf has an
underlying ordinary presheaf which is denoted by A = (A,m, f).

(3) A twisted presheaf A can be seen as a prestack of k-linear categories (see
Definition 4.1) by viewing the algebras A(U) as one-object categories.
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Example 2.17. Consider a twisted presheaf A = (A,m, f, c, z). We obtain the
opposite twisted presheaf Aop

= (Aop

,m
op

, f
op

, c−1, z−1) with Aop

(U) = A(U) as
a k-modules and (m

op

)U = (mU )
op

, (f
op

)u = (fu)
op

, (c−1)u,v = (cu,v)−1 and
(z−1)U = (zU )−1. One checks that this indeed defines a twisted presheaf. We have
(Aop

)
op

= A.

Definition 2.18. Consider twisted presheaves (A,m, f, c, z) and (A′,m′, f ′, c′, z′)
on U . A morphism of twisted presheaves (g, τ) : A −→ A′ consists of the following
data:

• for each U ∈ U , a k-linear map gU : A(U) −→ A′(U);
• for each u : V −→ U , an invertible element τu ∈ A′(V ),

These data further satisfy the following compatibility conditions: for any v : W −→
V , u : V −→ U and a ∈ A(U),

(1) gUmU = m′U (gU ⊗ gU );
(2) gU (1) = 1′;
(3) m′V (gV u∗(a), τu) = m′V (τu, u′∗gU (a));
(4) m′W (τuv, c′u,v) = m′W (gW (cu,v), τv, v′∗(τu));
(5) m′U (τ1U , z′U ) = gU (zU ).

Morphisms can be composed, and every twisted presheaf A has an identity mor-
phism 1A with gU = 1A(U) and τu = 1 ∈ A(V ). A morphism of twisted presheaves

(g, τ) : A −→ A′ is an isomorphism if and only if gU is an isomorphism of k-algebras
for each U .

Example 2.19. Let A be a twisted presheaf with opposite twisted presheaf Aop

as
in Example 2.17. Putting gU = 1A(U) and τu = 1 ∈ A(V ) defines a morphism

(whence, an isomorphism) of twisted presheaves (g, τ) : A −→ Aop

if and only if A
is a twisted presheaf of commutative algebras with c = 1 and z = 1, i.e. it is a
presheaf of commutative algebras.

It is proved in [37] that any twisted presheaf (A,m, f, c, z) is isomorphic to one
of the form (A′,m′, f ′, c′, 1). In this paper, we always work with twisted presheaves
with z = 1 and we write them as (A,m, f, c).

Definition 2.20. (see Def 3.24 in [37]) Let (A,m, f, c) be a twisted presheaf of
k-algebras.

(1) (a) A first order twisted deformation of A is given by a twisted presheaf

(Ā, m̄, f̄ , c̄) = (A[ε],m+m1ε, f + f1ε, c+ c1ε)

of k[ε]-algebras such that (Ā(U), m̄U ) is a first order deformation
of (A(U),mU ) for all U , where (m1, f1, c1) ∈ C0,2(A) ⊕ C1,1(A) ⊕
C2,0(A).

(b) If (A,m, f) is a presheaf (i.e. we have c = 1), a first order presheaf
deformation of A is a twisted deformation which is itself a presheaf,
i.e. c1 = 0.

(2) (a) For two twisted deformations (Ā, m̄, f̄ , c̄) and (Ā′, m̄′, f̄ ′, c̄′) an equiv-
alence of twisted deformations is given by an isomorphism of the form
(g, τ) = (1 + g1ε, 1 + τ1ε) where (g1, τ1) ∈ C0,1(A)⊕C1,0(A).

(b) If (Ā, m̄, f̄) and (Ā′, m̄′, f̄ ′) are two presheaf deformations of (A,m, f),
then an equivalence of presheaf deformations is given by an isomor-
phism of presheaves of the form g = 1 + g1ε for g1 ∈ C0,1(A).

Let Deftw(A) denote the set of twisted deformations of a twisted presheaf A up
to equivalence of twisted deformations, and let Defpr(A) denote the set of presheaf
deformations of a presheaf A up to equivalence of presheaf deformations.
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Theorem 2.21. Let A = (A,m, f) be a presheaf of k-algebras with Gerstenhaber-
Schack complex CGS(A).

(1) (a) For (m1, f1, c1) in C0,2(A)⊕C1,1(A)⊕C2,0(A), we have that (A[ε], m̄ =
m+m1ε, f̄ = f + f1ε, c̄ = 1 + c1ε) is a first order twisted deformation
of A if and only if (m1, f1, c1) ∈ C̄′2GS(A) and dGS(m1, f1, c1) = 0.

(b) For (m1, f1) in C0,2(A) ⊕ C1,1(A), we have that (A[ε], m̄ = m +
m1ε, f̄ = f + f1ε) is a first order presheaf deformation of A if and
only if (m1, f1) ∈ C̄′2tGS(A) and dGS(m1, f1) = 0.

(2) (a) For (m1, f1, c1) and (m′1, f
′
1, c
′
1) in Z2C̄′GS(A), and (g1,−τ1) ∈ C0,1(A)⊕

C1,0(A), we have that (g, τ) = (1 + g1ε, 1 + τ1ε) is an isomorphism be-
tween Ā and Ā′ if and only if (g1,−τ1) ∈ C̄′1GS(A) and dGS(g1,−τ1) =
(m1, f1, c1)− (m′1, f

′
1, c
′
1).

(b) For (m1, f1) and (m′1, f
′
1) in Z2C̄′tGS(A), and g1 ∈ C0,1(A), we have

that g = 1 + g1ε is an isomorphism of presheaves between Ā and Ā′ if
and only if g1 ∈ C̄′1tGS(A) and dGS(g1) = (m1, f1)− (m′1, f

′
1).

(3) (a) We have an isomorphism of sets

(2.7) H2C̄′GS(A) −→ Deftw(A).

Hence, the second cohomology group HH2(A) ∼= H2C̄′GS(A) classifies
first order twisted deformations of A up to equivalence.

(b) We have an isomorphism of sets

H2C̄′tGS(A) −→ Defpr(A).

Hence, the second cohomology group H2C̄′tGS(A) classifies first order
presheaf deformations of A up to equivalence.

Proof. We prove the (a) part. The (b) part is an easier variant and can be found
in [20].

(1) For each U ∈ U , the associativity of m̄U is equivalent to dHoch(m1)U = 0. The
unity condition m̄U (a, 1) = a = m̄U (1, a) holds if and only if m1(a, 1) = m1(1, a) =
0 for all a ∈ A(U).

We have z̄U = 1 for all U ∈ U . So for 1U : U −→ U and a ∈ A(U), the condition
m̄(z̄U , a) = m̄(f̄1U (a), z̄U ) if and only if f1U

1 (a) = 0, equivalently fσ1 = 0 for any
degenerate 1-simplex σ.

For any v : W −→ V , u : V −→ U , and a, b ∈ A(U), f̄u is a morphism of algebras
if f̄um̄(a, b) = m̄(f̄u(a), f̄u(b)) and f̄u(1) = 1, which are in turn equivalent to
dsimp(m1) − dHoch(f1) = 0 and fu1 (1) = 0. Moreover, c̄u,v f̄v f̄u(a) = f̄uv(a)c̄u,v is
equivalent to −dsimp(f1) + dHoch(c1) = 0.

The compatibility condition of c̄ is satisfied if and only if dsimp(c1) = 0 and
cσ1 = 0 for any degenerate 2-simplex σ.

Recall the differential dGS given in §2.5. These facts yield that (m1, f1, c1) gives
rise to a twisted deformation if and only if it is a normalized reduced cocycle.

(2) The map g = 1 + g1ε is a morphism of algebras if and only if dHoch(g1) =
m1 −m′1 and gU1 (1) = 0 for all U .

The equation m′V (gV u∗(a), τu) = m′V (τu, u′∗gU (a)) is equivalent to dsimp(g1)−
dHoch(τ1) = f1 − f ′1, while m′W (τuv, c′u,v) = m′W (gW (cu,v), τv, v′∗(τu)) is equiva-
lent to −dsimp(τ1) = c1−c′1, and the equation m′U (τ1U , z′U ) = gU (zU ) is equivalent

to τ1U
1 = 0.

Thus (g, τ) = (1 + g1ε, 1 + τ1ε) is an isomorphism between A and A′ if and only
if (g1,−τ1) is a normalized reduced cochain and

dGS(g1,−τ1) = (dHoch(g1), dsimp(g1) + dHoch(−τ1), dsimp(−τ1))

= (m1, f1, c1)− (m′1, f
′
1, c
′
1).
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(3) This follows from (1) and (2). �

Remarks 2.22. (1) In [37] (based upon [41]), Proposition 2.21 (3) is obtained

by making use of the Hochschild complex CU (Ã) of the U-graded category

Ã associated to A.
(2) In contrast to CU (Ã) from (1), the Gerstenhaber-Schack complex CGS(A)

is not endowed with a B∞-algebra or dg Lie algebra structure.
(3) In [14], we introduce a Gerstenhaber-Schack complex for an arbitrary twisted

presheaf (or prestack) A. The necessary modification of the current com-
plex is substantial, as to the simplicial and Hochschild components of the
differential one needs to add a series of higher components in general. In
[14], we further show that this Gerstenhaber-Schack complex inherits an

L∞-structure from the dg Lie structure present upon CU (Ã), controlling
the higher order twisted deformation theory.

The relation between the isomorphism (−)
op

: CGS(A) −→ CGS(Aop

) and twisted
deformations is as follows (see Example 2.17).

Proposition 2.23. Let (A,m, f) be a presheaf with opposite presheaf (Aop

,m∗, f∗).
For φ = (m1, f1, c1) ∈ Z2C̄′GS(A), let φ

op

= (m∗1, f
∗
1 ,−c1) ∈ Z2C̄′GS(Aop

) be
the associated opposite cocycle. The associated first order twisted deformations
(A[ε],m+m1ε, f+f1ε, 1+c1ε) and (Aop

[ε],m∗+m∗1ε, f
∗+f∗1 ε, 1−c1ε) are opposite

twisted presheaves.

Proposition 2.24. Let (A,m, f) be a presheaf of commutative k-algebras with

C̄′GS(A) = C̄′tGS(A)⊕C′simp(A).

Consider ((m1, f1), c1) ∈ Z2C̄′GS(A) with corresponding first order twisted defor-
mation

Ā = (A[ε],m+m1ε, f + f1ε, 1 + c1ε).

Then Ā is a twisted presheaf with central twists and the underlying presheaf Ā
corresponds to (m1, f1) ∈ Z2C̄′tGS(A).

Proof. This follows from Lemma 2.3. �

3. From Hodge to HKR decomposition

Throughout this section, we assume that Q ⊆ k. In [24], Hochschild, Kostant
and Rosenberg proved the famous HKR theorem for a regular affine algebra A,
which states that the anti-symmetrization map

∧nADer(A) −→ HHn(A)

is an isomorphism.
Let X be a quasi-compact separated scheme. The Hochschild cohomology of X

is defined as

(3.1) HHn(X) = ExtnX×X(O∆,O∆)

for the diagonal ∆: X −→ X × X and O∆ = ∆∗OX . For a smooth scheme, we
have the following HKR decomposition into sheaf cohomologies:

(3.2) HHn(X) ∼=
⊕
p+q=n

Hp(X,∧qTX).

Various proofs of this statement exist in the literature. In [47], the decomposition
is proved for smooth quasi-projective schemes, and in [53] it is proved for smooth
separated finite type schemes (under a somewhat weaker condition than Q ⊆ k).

On the other hand, in [18], the authors relate the decomposition at the right
hand side of (3.2) to their Hochschild cohomology of presheaves of algebras in the
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following way. Let U be an open affine cover of X closed under intersections and
consider the restriction OX |U of the structure sheaf to this cover. If X is a smooth
complex projective variety, they prove the existence of a decomposition

(3.3) HHn(OX |U ) ∼=
⊕
p+q=n

Hp(X,∧qTX).

The decomposition (3.3) results from a combination of a purely algebraic Hodge
decomposition for presheaves of commutative algebras with the classical HKR the-
orem. According to [39, Thm. 7.8.1], we further have

HHn(X) ∼= HHn(OX |U ),

so in combination with (3.3) this yields another proof of (3.2). This route to a proof
of (3.2) was also noted in [27], in the context of Homological Mirror symmetry.

In §3.2, we recall the Hodge decomposition for the Gerstenhaber-Schack complex
of a presheafA of commutative algebras from [18]. Under the additional assumption
that the algebras are essentially of finite type and smooth (FS) and the restriction
maps are flat epimorphisms of rings (FE), in §3.3 we deduce a HKR decomposition

(3.4) HHn(A) ∼=
⊕
p+q=n

Hp(U ,∧qTA)

where the cohomology groups on the right hand side are simplicial presheaf
cohomologies, and TA is the tangent presheaf of A. If X is a quasi-compact semi-
separated scheme with semi-separating cover U , and A = OX |U , the simplicial
presheaf cohomologies at the right hand side of (3.4) are isomorphic to Čech coho-
mologies, as is detailed in §3.4 for further use later on, and to sheaf cohomologies
by Leray’s theorem. For X furthermore smooth, (3.4) thus translates into (3.3),
leading to a proof, in the separated case, of (3.2).

Note that even in the absence of condition (FS), the Hodge decomposition is
a highly valuable tool in computing Hochschild cohomology, see the forthcoming
paper [32] in which it is used to compute deformations of some particular singular
schemes.

3.1. Localization. In this section, we recall some facts on localization of abelian
categories which will be used later on. For more details, see for instance [45], [6].

A fully faithful functor ι : C′ −→ C between abelian categories is called a local-
ization (of C) if ι has an exact left adjoint a : C −→ C′. The localization is called
strict if it is the inclusion of a full subcategory closed under isomorphisms. Two
localizations of C are called equivalent if they have the same essential image in
C. Every localization is equivalent to precisely one strict localization, namely the
inclusion of its essential image.

Let f : A −→ B be a morphism of rings. The morphism f is called an epi-
morphism of rings if it is an epimorphism in the category of non-commutative
rings. The morphism f gives rise to an induced restriction of scalars functor
(−)A : Mod(B) −→ Mod(A) with left adjoint − ⊗A B : Mod(A) −→ Mod(B). The
morphism f is called (right) flat if −⊗A B : Mod(A) −→ Mod(B) is exact.

Lemma 3.1. The following are equivalent:

(1) (−)A : Mod(B) −→ Mod(A) is fully faithful.
(2) The multiplication B ⊗A B −→ B is an isomorphism.
(3) f is an epimorphism of rings.

The following are equivalent:

(1) (−)A : Mod(B) −→ Mod(A) is a localization.
(2) f is a (right) flat epimorphism of rings.
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Now consider two localizations ι1 : C1 −→ C and ι2 : C2 −→ C with respective
left adjoints a1 and a2 and with q1 = ι1a1 and q2 = ι2a2. The localizations are
called compatible if q1q2

∼= q2q1. If the two compatible localizations are strict, the
intersection defines a new strict localization ι : C1∩C2 −→ C with left adjoint a and
ιa = q = q1q2

∼= q2q1. Consequently, we can define the intersection of arbitrary
localizations up to equivalence of localizations as the intersection of the two strict
representatives.

Lemma 3.2. Let f : A −→ B, f1 : A −→ B1 and f2 : A −→ B2 be flat epimor-
phisms of rings. The following are equivalent:

(1) (−)A,1 : Mod(B1) −→ Mod(A) and (−)A,2 : Mod(B2) −→ Mod(A) are com-
patible localizations with Mod(B1) ∩Mod(B2) ∼= Mod(B).

(2) There are isomorphisms of A-bimodules

B ∼= B1 ⊗A B2
∼= B2 ⊗A B1.

3.2. The Hodge decomposition. In this section, following [20], [19], we describe
the Hodge decomposition of the Gerstenhaber-Schack complex of a presheaf of
commutative algebras.

The Hodge decomposition is based upon the existence, for each n ≥ 1, of a col-
lection of pairwise orthogonal idempotents en(r) for 1 ≤ r ≤ n in the group algebra
QSn of the n-th symmetric group Sn. These idempotents satisfy

∑n
r=1 en(r) = 1.

We further put en(0) = 0 for n ≥ 1, en(r) = 0 for r > n and e0(0) = 1 ∈ Q.
Let A be a commutative k-algebra and M a symmetric bimodule. We obtain a

subcomplex C(A,M)r ⊆ C(A,M) with Cn(A,M)r = C(A,M)en(r) and a Hodge
decomposition of complexes

(3.5) C(A,M) = ⊕r∈NC(A,M)r.

Taking cohomology yields the Hodge decomposition of the Hochschild cohomology
of a commutative algebra. We refer the reader to [19] for the details.

Now let U be a small category and A : Uop −→ CommAlg(k) a presheaf of com-
mutative k-algebras. Recall the double complex given in §2.4,

Cp,q(A) =
∏

σ∈Np(U)

Hom(A(cσ)⊗q,A(dσ)).

Since A(U) is a commutative algebra for any U ∈ U , there is the Hodge decompo-
sition

Hom(A(cσ)⊗q,A(dσ)) =

q⊕
r=0

Hom(A(cσ)⊗q,A(dσ))r.

It follows that there is a decomposition of every Cp,q(A). Since the vertical dif-
ferentials dHoch are pointwise, we have dHoch(Cp,q(A)r) ⊆ Cp,q+1(A)r. In order to
induce a decomposition of the total complex, it suffices to prove that the horizontal
differentials dsimp also preserve the Hodge decomposition. When U is a poset, the
proof can be found in [21]. In the general case, the argument is similar. Let us give
a brief explanation.

Let φ = (φτ )τ ∈ Cp,q(A)r. Then φτ ∈ Hom(A(cτ)⊗q,A(dτ))r for all τ , equiva-
lently, φτeq(r) = φτ . Thus following the notations in §2.2,

(d0φ)σeq(r) = fu1φ∂0σeq(r) = fu1φ∂0σ = (d0φ)σ,

(diφ)σeq(r) = φ∂iσeq(r) = φ∂iσ = (diφ)σ, i = 1, . . . , p,

(dp+1φ)σeq(r) = φ∂p+1σ(f⊗q)up+1eq(r) = φ∂p+1σeq(r)(f
⊗q)up+1 = (dp+1φ)σ,

and so dsimp(Cp,q(A)r) ⊆ Cp+1,q(A)r.
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Therefore, as a complex, CGS(A) admits a Hodge decomposition

(3.6) CGS(A) = ⊕r∈NCGS(A)r.

Taking cohomology yields the Hodge decomposition for HH(A).
Note that we have CGS(A)0 = Csimp(A) and ⊕r∈N0

CGS(A)r = CtGS(A).

3.3. From Hodge to simplicial HKR decomposition. In [18, §28], the au-
thors combine the Hodge decomposition (3.6) with the classical HKR theorem [24]
in order to obtain the HKR decomposition (3.3) for smooth complex projective
varieties.

In this section, we present the argument in a somewhat abstracted setting. First,
we recall the HKR theorem following [52, Theorem 9.4.7]. Let A be a commutative
k-algebra. Let I be the kernel of the multiplication map A⊗k A −→ A and I2 the
image of I ⊗k I −→ I. We obtain the A-module of differentials ΩA = I/I2 and its
dual TA = HomA(ΩA, A) ∼= Der(A). For the Hochschild homology HHn(A) and
cohomology HHn(A), there are natural k-linear anti-symmetrization morphisms
ΩnA = ∧nΩA −→ HHn(A) and ∧nTA −→ HHn(A). If A is an essentially of finite
type, smooth algebra, these morphisms are isomorphisms, the so called HKR iso-
morphisms. Let M be a symmetric A-bimodule. In the Hodge decomposition (3.5),
we further have HnC(A,M)r = 0 unless n = r, and HnC(A,M) = HnC(A,M)n,
i.e. the cohomology is concentrated in the “top component”.

Now let U be a small category and A : Uop −→ CommAlg(k) a presheaf of com-
mutative algebras. We make the following two additional assumptions:

(FS) The algebra A(U) is an essentially of finite type, smooth algebra for every
U ∈ U .

(FE) The restriction map u∗ : A(U) −→ A(V ) is a flat epimorphism of rings for
every u : V −→ U in U .

We obtain the presheaf of differentials ΩA of A on U with ΩA(U) = ΩA(U). By
(FE), every restriction map u∗ : A(U) −→ A(V ) gives rise to a canonical isomor-
phism A(V )⊗A(U) ΩA(U)

∼= ΩA(V ), and thus to a restriction map TA(U) −→ TA(V ).
We thus obtain the tangent presheaf TA of A-modules on U with TA(U) = TA(U).

In this section, we prove the following theorem:

Theorem 3.3. Let U be a small category and A : Uop −→ CommAlg(k) a presheaf of
commutative algebras satisfying (FS) and (FE). There are canonical isomorphisms

HHn(A) =

n⊕
r=0

HnCGS(A)r ∼=
⊕
p+q=n

Hp(U ,∧qTA)

where the cohomologies on the right hand side are simplicial presheaf cohomologies.

Let us apply Theorem 3.3 to smooth schemes, generalizing (3.3) and (3.2) (in
case Q ⊆ k). Recall that a scheme is called semi-separated if the intersection of two
affine open subsets is affine (that is, if the diagonal ∆: X −→ X ×X is an affine
morphism). A semi-separating cover of a scheme X is an open affine cover which
is closed under finite intersections. A scheme X is semi-separated if and only if it
has a semi-separating cover.

Corollary 3.4. Let X be a smooth scheme with a semi-separating cover U . Let
OX |U and TX |U be the restrictions to U of the structure sheaf OX and the tangent
sheaf TX of X respectively. There are canonical isomorphisms

HHn(OX |U ) =

n⊕
r=0

HnCGS(OX |U )r ∼=
⊕
p+q=n

Hp(U ,∧qTX |U )

∼=
⊕
p+q=n

Ȟp(U ,∧qTX) ∼=
⊕
p+q=n

Hp(X,∧qTX).
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where the third, fourth and fifth expressions contain simplicial, Čech and sheaf
cohomologies respectively.

Proof. Put A = OX |U . The condition (FS) obviously holds since X is smooth. For
V ⊆ U in U , the open immersion (V,OX |V ) −→ (U,OX |U ) between affine opens
corresponds to a flat epimorphism OX(U) −→ OX(V ) so (FE) also holds. Since U
consists of affine opens, we have TX |U ∼= TA. Hence, Theorem 3.3 applies, yielding
the first line. Further, we have isomorphisms Hp(U ,∧qTX |U ) ∼= Ȟp(U ,∧qTX) (see
§3.4), and Ȟp(U ,∧qTX) ∼= Hp(X,∧qTX) by Leray’s theorem. �

Corollary 3.5. Let X be a smooth quasi-compact separated scheme. There is an
isomorphism

HHn(X) ∼=
⊕
p+q=n

Hp(X,∧qTX)

where HHn(X) is as defined in (3.1) and the cohomologies on the right hand side
are sheaf cohomologies.

Proof. This follows from Corollary 3.4 and the isomorphismHHn(X) ∼= HHn(OX |U )
proved in [39, Thm. 7.8.1]. �

Remark 3.6. Corollary 3.4 shows that for a smooth, semi-separated scheme, the
expression HHn(OX |U ) is independent of the choice of a semi-separating cover
U . For X quasi-compact semi-separated (and not necessarily smooth), we actually
have HHn(OX |U ) ∼= HHab(Qch(X)) by [39, Thm. 7.2.2 and Cor. 7.7.2], where
HHab(Qch(X)) is the Hochschild cohomology of the abelian category Qch(X) (the
proof in loc. cit. is given for a separated scheme, but only makes use of semi-
separatedness). This confirms Gerstenhaber and Schack’s point of view, identifying
HHn(OX |U ) as the correct cohomology one should associate to X.

Proof of Theorem 3.3. Let us consider the spectral sequence IEp,q•,r determined by
the column filtration of C̄′•,•(A)r. According to [52, Theorem 9.1.8], (FE) and
Lemma 3.1, we have

(3.7) A(V )⊗A(U) HHn(A(U)) ∼= HHn(A(V )).

By (FS), Hq(A(U),A(V ))r = 0 unless q = r. So IEp,q1,r is concentrated in the rth
row, and

IEp,r1,r =
∏′

σ∈Np(U)

HrC̄(A(cσ),A(dσ))r

=
∏′

σ∈Np(U)

Hr(A(cσ),A(dσ))

(1)∼=
∏′

σ∈Np(U)

HomA(cσ)(HHr(A(cσ)),A(dσ))

∼=
∏′

σ∈Np(U)

HomA(dσ)(A(dσ)⊗A(cσ) HHr(A(cσ)),A(dσ))

(2)∼=
∏′

σ∈Np(U)

HomA(dσ)(HHr(A(dσ)),A(dσ))

∼=
∏′

σ∈Np(U)

HomA(dσ)(Ω
r
A(dσ),A(dσ))

∼=
∏′

σ∈Np(U)

∧rTA(dσ)
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= C′psimp(∧rTA).

Here
∏′ ∗ means the submodule of

∏
∗ consisting of reduced cochains. The above

isomorphisms are pointwise, wherein (1) follows by [24, Lemma 4.1], (2) follows
from (3.7). We denote their composition by T .

Since BrC̄(A(cσ),A(dσ))r = 0, any class θσ ∈ HrC̄(A(cσ),A(dσ))r is a nor-
malized cocycle on the nose, satisfying θσer(r) = θσ. We have in turn that θσ

factors uniquely through (fσ)⊗r : A(cσ)⊗r −→ A(dσ)⊗r. Namely, there exists a
unique Θσ such that the diagram

A(cσ)⊗r

(fσ)⊗r

��

θσ // A(dσ)

A(dσ)⊗r
Θσ

99

is commutative. Since θσer(r) = θσ implies θσ = Θσer(r)(f
σ)⊗r, by the uniqueness

of Θσ we obtain Θσer(r) = Θσ. Thus Θσ can be viewed as an anti-symmetric multi-
derivation, i.e. Θσ ∈ ∧rTA(dσ), and we have T (θ) = (Θσ)σ. Consequently, the map

C′psimp(∧rTA) −→ C′p+1
simp(∧rTA) induced by the differential IEp,r1,r −→ IEp+1,r

1,r is the
same as dsimp, and so

IEp,q2,r =

{
Hp(U ,∧rTA), q = r,

0, q 6= r.

It follows that the spectral sequence collapses at E2 stage. Hence HnCGS(A)r ∼=
IEn−r,r2,r and

�(3.8) HnCGS(A) =

n⊕
r=0

HnCGS(A)r ∼=
⊕
p+q=n

Hp(U ,∧qTA).

According to the above proof and by the Hodge decomposition of HnCGS(A),
any GS cohomology class cGS admits a normalized reduced decomposable represen-
tative (θ0,n, θ1,n−1, . . . , θn,0) in the sense that θn−r,r ∈ C̄n−r,r(A)r and θn−r,r is
reduced for r = 0, . . . , n. In this way, (0, . . . , 0, θn−r,r, 0, . . . , 0) are all normalized
reduced cocycles.

Summarizing, under (FS) and (FE), the explicit Hodge to HKR transition is
given as follows. Starting with any GS cohomology class cGS, we choose a normal-
ized reduced decomposable cocycle (θ0,n, θ1,n−1, . . . , θn,0). Each θn−r,r = (θσn−r,r)σ
lifts to a simplicial cocycle Θn−r,r = (Θσ

n−r,r)σ uniquely. Let

csimp ∈ ⊕p+q=nHp(U ,∧qTA)

be the class represented by (Θ0,n,Θ1,n−1, . . . ,Θn,0). The correspondence

HnCGS(A) 3 cGS 7−→ csimp ∈
⊕
p+q=n

Hp(U ,∧qTA)

is bijective.

3.4. Simplicial cohomology vs Čech cohomology. In this section, we describe
explicit quasi-isomorphisms between the natural complexes computing simplicial
and Čech cohomology of presheaves respectively. This will be used in order to
change from Toda’s construction of first order deformations of schemes to a simpli-
cial counterpart in §5.3.

Let U be a poset with binary meets. Meets in U are denoted by the symbol
∩. Let F be a presheaf of k-modules on U . The simplicial cohomology of F is by
Proposition 2.9 the cohomology of the reduced complex C′•simp(F).
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For any p-sequence τ = (Uτ0 , U
τ
1 , . . . , U

τ
p ) ∈ Up+1, denote by ∩τ the meet of all

coordinates of τ . Recall that the Čech complex Č•(F) is given by

Č•(F) =
∏

τ∈U•+1

F(∩τ).

A Čech p-cochain ψ = (ψτ )τ is said to be alternating if (1) ψτ = 0 whenever two
coordinates of τ are equal, (2) ψτs = (−1)sψτ for any permutation s of the set
{0, . . . , p}. Here, we regard τ as a set-theoretic map {0, . . . , p} −→ U , so τs makes
sense. Let Č′•(F) be the subcomplex of Č•(F) consisting of alternating cochains.
It is well known that the Čech cohomology can be computed by both complexes.

As sets, Np(U) ⊆ Up+1, so a simplex σ can be regarded as a sequence σ̃ by
forgetting the inclusions. Conversely, to a p-sequence τ , we associate a p-simplex τ̄
by setting

U τ̄i = ∩pj=iU
τ
j .

It is clear that dτ̄ = ∩τ . In §2.2, the notation ∂iσ is given for any simplex σ.
Similarly, ∂iτ can be defined for any τ ∈ Up+1. Here we define δiτ by

δiτ = (Uτ0 , . . . , U
τ
i−2, U

τ
i−1 ∩ Uτi , Uτi+1, . . . , U

τ
p ) ∈ Up

for i = 1, . . . , p. Thus δiτ = ∂iτ̄ .
Now for any reduced simplicial p-cochain φ and any alternating Čech p-cochain

ψ, define

ι(φ)τ =
∑

s∈Sp+1

(−1)sφτs, τ ∈ Up+1,

π(ψ)σ = ψσ̃, σ ∈ Np(U).

It is easy to check that ι(φ) ∈ Č′p(F) and π(ψ) ∈ C′psimp(F).

Lemma 3.7. The above ι and π are morphisms of complexes.

Proof. The fact that π commutes with differential is straightforward. Let us prove
ι does also.

For any φ ∈ C′p(F) and (p+ 1)-sequence τ ,

ιdsimp(φ)τ =
∑

s∈Sp+2

(−1)sdsimp(φ)τs

=
∑

s∈Sp+2

(−1)s
(
φ∂0τs|dτs +

p+1∑
i=1

(−1)iφ∂iτs
)

=
∑

s∈Sp+2

(−1)sφ∂0τs|∩τ +

p+1∑
i=1

(−1)i
∑

s∈Sp+2

(−1)sφδi(τs).

We first consider ∂0τs. If s(0) = j, then ∂0τs = (∂jτ)s′ with s′ ∈ Sp+1 given by

s′(i) =

{
s(i+ 1), if s(i+ 1) < j,

s(i+ 1)− 1, if s(i+ 1) > j.

Furthermore, s′ ranges over Sp+1 if s ranges over the set {s ∈ Sp+2 | s(0) = j}, and

(−1)s = (−1)s
′
(−1)j . Thus

∑
s∈Sp+2

(−1)sφ∂0τs|∩τ =

p+1∑
j=0

(−1)j
∑

s′∈Sp+1

(−1)s
′
φ(∂jτ)s′ |∩τ .



NON-COMMUTATIVE DEFORMATIONS AND QUASI-COHERENT MODULES 23

Next we consider δi(τs). It is easy to see that δi(τs) = δi(τr) if s equals r composing

the transposition (i − 1, i). It follows immediately that
∑
s∈Sp+2

(−1)sφδi(τs) = 0

for all i ≥ 1, since (−1)s = −(−1)r.
On the other hand,

dČechι(φ)τ =

p+1∑
i=0

(−1)iι(φ)∂iτ |∩τ =

p+1∑
i=0

(−1)i
∑

s∈Sp+1

(−1)sφ(∂iτ)s|∩τ .

So ιdsimp = dČechι. �

Given any τ ∈ Up+1 and 0 ≤ i ≤ p, define θi(τ) by

θi(τ) =
(
∩pj=0U

τ
j , ∩

p
j=1U

τ
j , . . . , ∩

p
j=iU

τ
j , U

τ
i , . . . , U

τ
p

)
∈ Up+2.

Lemma 3.8. One has

(1) ∂0θi(τ) = θi−1∂0(τ) for 1 ≤ i ≤ p,
(2) ∂jθi(τ) = θi−1δj(τ) for 1 ≤ j < i ≤ p,
(3) ∂jθi(τt) = ∂i+1θi(τ) for some permutation t (depending on i, j) with

(−1)t = (−1)j−i−1, if 0 ≤ i < j ≤ p+ 1,
(4) ∂i+1θi(τ) = ∂i+1θi+1(τ) for 0 ≤ i ≤ p− 1,
(5) ∂p+1θp(τ) = ˜̄τ .

Proof. (3) can be proved by induction on j− i. The others are straightforward. �

By the definitions of ι, π, we have πι = 1. In order to show they are quasi-
isomorphisms, we construct a family of maps h = {hp : Č′p(F) → Č′p−1(F)}p by

for all ψ ∈ Č′p(F) and τ ∈ Up,

hp(ψ)τ =

p−1∑
i=0

(−1)i

(p− i)!
∑
s∈Sp

(−1)sψθi(τs).

Lemma 3.9. The map h is a homotopy from 1 to ιπ.

Proof. By computation, we have

ιπ(ψ)τ =
∑

s∈Sp+1

(−1)sπ(ψ)τs =
∑

s∈Sp+1

(−1)sψτ̃s,

dČechh
p(ψ)τ =

p∑
j=0

(−1)jhp(ψ)∂jτ |∩τ

=

p−1∑
i=0

p∑
j=0

(−1)i+j

(p− i)!
∑
s′∈Sp

(−1)s
′
ψθi((∂jτ)s′)|∩τ ,

hp+1dČech(ψ)τ =

p∑
i=0

(−1)i

(p+ 1− i)!
∑

s∈Sp+1

(−1)sdČech(ψ)θi(τs)

=

p∑
i=0

p+1∑
j=0

(−1)i+j

(p+ 1− i)!
∑

s∈Sp+1

(−1)sψ∂jθi(τs)|∩θi(τs).

Let us consider the third equation. We separate the sum as I + II where I
corresponds to j = 0 and II to j ≥ 1. Then

I =

p∑
i=0

(−1)i

(p+ 1− i)!
∑

s∈Sp+1

(−1)sψ∂0θi(τs)|∩τ
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=
∑

s∈Sp+1

(−1)s

(p+ 1)!
ψ∂0θ0(τs)|∩τ +

p−1∑
i=0

(−1)i+1

(p− i)!
∑

s∈Sp+1

(−1)sψ∂0θi+1(τs)|∩τ

(1)
=

∑
s∈Sp+1

(−1)s

(p+ 1)!
ψτs −

p−1∑
i=0

(−1)i

(p− i)!
∑

s∈Sp+1

(−1)sψθi∂0(τs)|∩τ

= ψτ −
p−1∑
i=0

(−1)i

(p− i)!

p∑
j=0

∑
s∈Sp+1

s(0)=j

(−1)sψθi∂0(τs)|∩τ

= ψτ −
p−1∑
i=0

(−1)i

(p− i)!

p∑
j=0

∑
s′∈Sp

(−1)j(−1)s
′
ψθi(∂jτ)s′)|∩τ

= ψτ − dČechh
p(ψ)τ ,

and

II =

p∑
i=0

p+1∑
j=1

(−1)i+j

(p+ 1− i)!
∑

s∈Sp+1

(−1)sψ∂jθi(τs)|∩τ

=

p∑
i=2

i−1∑
j=1

∑
s∈Sp+1

(−1)i+j(−1)s

(p+ 1− i)!
ψ∂jθi(τs) +

p∑
i=1

∑
s∈Sp+1

(−1)2i(−1)s

(p+ 1− i)!
ψ∂iθi(τs)

+

p∑
i=0

p+1∑
j=i+1

∑
s∈Sp+1

(−1)i+j(−1)s

(p+ 1− i)!
ψ∂jθi(τs)

(2)
=

p∑
i=2

i−1∑
j=1

∑
s∈Sp+1

(−1)i+j(−1)s

(p+ 1− i)!
ψθi−1δj(τs) +

p∑
i=1

∑
s∈Sp+1

(−1)s

(p+ 1− i)!
ψ∂iθi(τs)

+

p∑
i=0

p+1∑
j=i+1

∑
s∈Sp+1

(−1)i+j(−1)st

(p+ 1− i)!
ψ∂jθi(τst)

(3)
=

p∑
i=1

∑
s∈Sp+1

(−1)s

(p+ 1− i)!
ψ∂iθi(τs) +

p∑
i=0

p+1∑
j=i+1

∑
s∈Sp+1

(−1)(−1)s

(p+ 1− i)!
ψ∂i+1θi(τs)

(4)
=

p∑
i=1

∑
s∈Sp+1

(−1)s

(p+ 1− i)!
ψ∂iθi(τs) −

p−1∑
i=0

∑
s∈Sp+1

(−1)s

(p− i)!
ψ∂i+1θi+1(τs)

−
∑

s∈Sp+1

(−1)sψ∂p+1θp(τs)

(5)
= −ιπ(ψ)τ

where the numbers (1)–(5) over the signs of equality mean that the equations hold
by the corresponding items of Lemma 3.8.

It follows that

hp+1dČech(ψ)τ = I + II = ψτ − dČechh
p(ψ)τ − ιπ(ψ)τ ,

and hence 1− ιπ = hdČech + dČechh. �

Therefore, ι, π induce mutually inverse isomorphisms between H•(U ,F) and
Ȟ•(U ,F).

When U is a semi-separating cover of a scheme X, and F is a sheaf on X, we
regard F|U as a presheaf on U . Leray’s Theorem tells us Ȟ•(U ,F) ∼= H•(X,F).
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We furthermore have isomorphisms

H•(U ,F|U ) ∼= Ȟ•(U ,F|U ) = Ȟ•(U ,F) ∼= H•(X,F).

4. Quasi-coherent modules

For a scheme X, the category Qch(X) of quasi-coherent sheaves on X is of
fundamental importance in algebraic geometry. In non-commutative contexts, an
important task is to find suitable replacements for this category. For a possibly non-
commutative k-algebra A, the category Mod(A) = Modr(A) of right A-modules is
a natural replacement (the choice between left and right is a matter of convention,

the category Modl(A) of left modules is just as valid as a choice, and will now

be associated to A
op

as Modr(A
op

) = Modl(A)). For an arbitrary small k-linear
category a, this definition is generalized by putting Mod(a) = Modr(a) equal to the

category of k-linear functors a
op −→ Mod(k) (and Modl(a) = Modr(a

op

)).
In non-commutative projective geometry, to a sufficiently nice Z-graded algebra

A, one associates a category QGr(A) of “quasi-coherent graded modules”, obtained
as the quotient of the graded modules by the torsion modules (see [46], [51], [50],
[12] for more details and generalizations).

In this paper, we take the “local approach” to non-commutative schemes and
consider a presheaf A : Uop −→ Alg(k) on a small category U as a kind of “non-
commutative structure sheaf on affine opens”. Repeating the process by which a
quasi-coherent sheaf is obtained by glueing modules on affine opens, we define the
category of quasi-coherent modules over A to be

Qch(A) = Des(ModA),

the descent category of the prestack ModA of module categories on A.
After recalling the definitions of prestacks and their morphisms, and the con-

struction of the descent category Des(C) of an arbitrary prestack C on U in §4.1, in
§4.2 we introduce the prestacks of the form ModA over a prestackA : Uop −→ Cat(k)
of small k-linear categories, as well as their descent categories Qch(A). Here ModA
has the tensor functors Mod(A(U)) −→ Mod(A(V )) for A(U) −→ A(V ) as restric-
tion functors (for V −→ U in U). Twisted presheaves and prestacks naturally occur
as deformations (see §2.6 and §5.2). They play an important role in the context of
deformation quantization, see [25], [28], [49], [7], [55], [56].

In §4.3 we turn our attention to twisted presheaves A with central twists. In
this case, an alternative replacement of the category of quasi-coherent sheaves is
described. Since A has an underlying presheaf A (forgetting the twists), we can
construct a prestack PrA whose values are ordinary presheaf categories on the re-
strictions of A, but where the twists of A are naturally built into the resulting
prestack. As descent category, we obtain the category Pr(A) of twisted presheaves,
in the spirit of the categories of twisted sheaves considered for instance in [8]. A
natural sub-prestack QPrA gives rise to the descent category

QPr(A) = Des(QPrA)

of quasi-coherent presheaves. This category is in fact equivalent to Qch(A) (Theo-
rem 4.12).

In §4.4, generalizing the scheme case based upon [15], we prove that if a prestack
A gives rise to exact restriction functors

−⊗u A(V ) : Mod(A(U)) −→ Mod(A(V )),

the category Qch(A) is a Grothendieck abelian category.
In §4.5, we further restrict out attention to what we call a quasi-compact semi-

separated prestack A. Roughly speaking, this means that the restriction functors of
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ModA are the left adjoints to compatible localization functors, which are themselves
exact. In this case, Qch(A) inherits the homological property of flatness [40], which
is crucial for deformation theory (Proposition 4.26).

4.1. Descent categories. Let k be a fixed commutative ground ring. Let U be a
small category. A prestack on U is the categorical version of a twisted presheaf of
k-algebras.

Definition 4.1. A prestack A on U is a pseudofunctor on U taking values in
k-linear categories. Precisely, A consists of the following data:

• for every U ∈ U a k-linear category A(U);
• for every u : V −→ U in U a k-linear functor fu = u∗ : A(U) −→ A(V );
• for every pair v : W −→ V , u : V −→ U a natural isomorphism

cu,v : v∗u∗ −→ (uv)∗;

• for every U ∈ U a natural isomorphism

zU : 1A(U) −→ f1U .

These data further satisfy the following compatibility conditions for every triple
w : T −→W , v : W −→ V , u : V −→ U :

cu,vw(cv,w ◦ u∗) = cuv,w(w∗ ◦ cu,v),
cu,1V (zV ◦ u∗) = 1, c1U ,u(u∗ ◦ zU ) = 1.

Definition 4.2. For prestacks (A,m, f, c, z), (A′,m′, f ′, c′, z′) on U , a morphism
of prestacks is a pseudonatural transformation ϕ : A −→ A′. Precisely, ϕ consists
of the following data:

• for every U ∈ U a k-linear functor gU : A(U) −→ A′(U);
• for every u : V −→ U in U a natural isomorphism

τu : f ′
u
gU −→ gV fu.

These data further satisfy the following compatibility conditions for every couple
v : W −→ V , u : V −→ U :

τuv(c′
u,v ◦ gU ) = (gW ◦ cu,v)(τv ◦ fu)(f ′

v ◦ τu),(4.1)

τ1U (z′U ◦ gU ) = gU ◦ zU .(4.2)

Example 4.3. A twisted presheaf A as in Definition 2.15 corresponds to a prestack
by viewing the algebras A(U) as one-object k-linear categories. A morphisms of
twisted presheaves corresponds to a morphism of prestacks.

Example 4.4. Consider a prestack A. We obtain the opposite prestack Aop

with
Aop

(U) = (A(U))
op

, with restriction maps (u∗)
op

: A(U)
op −→ A(V )

op

for u : V −→
U in U , and with (c−1)u,v = (cu,v)−1 and (z−1)U = (zU )−1. One checks that this
indeed defines a prestack with (Aop

)
op

= A. This extends the definition of opposite
twisted presheaf from Example 2.17.

One goes on to define, for morphisms of prestacks ϕ, ϕ′ : A −→ A′, the notion
of a modification µ : ϕ −→ ϕ′. As such, one obtains a 2-category Prestack(U , k)
of prestacks, morphisms of prestacks and modifications. See for instance [31] for
further details.

Let B be a prestack on U . A pre-descent datum in B consists of a collection of
objects B = (BU )U with BU ∈ B(U) together with, for every u : V −→ U in U , a
morphism

ϕu : u∗BU −→ BV
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in B(V ). These morphisms have to satisfy the obvious compatibility with the twist
isomorphisms of B when considering an additional v : W −→ V , namely,

ϕvv
∗(ϕu) = ϕuvc

u,v,BU .

The pre-descent datum B is a descent datum if ϕu is an isomorphism for all u ∈ U .
A morphism of pre-descent data g : (BU )U −→ (B′U )U consists of compatible

morphisms gU : BU −→ B′U in B(U) for U ∈ U .
Pre-descent data in B and morphisms of pre-descent data constitute a category

PDes(B), with a full subcategory Des(B) of descent data.
The category (P)Des(B) comes equipped with canonical functors πV : (P)Des(B) −→

B(V ), (BU )U 7−→ BV .
The (pre-)descent category is most useful for prestacks of sufficiently large k-

linear categories.

Proposition 4.5. Let B be a prestack on U .

(1) All limits which exist in B(U) for every U , exist in PDes(B) and are com-
puted pointwise (i.e., πV : PDes(B) −→ B(V ) preserves them for every V ).

(2) All colimits which exist in B(U) for every U , and are preserved by u∗ for
every u, exist in PDes(B) and are computed pointwise.

(3) All limits and colimits which exist in B(U) for every U , and are pre-
served by u∗ for every u, exist in Des(B) and are computed pointwise (i.e.,
πV : Des(B) −→ B(V ) preserves them for every V ).

Proof. We first look at the statements concerning limits. Consider a diagram
(Bi,U )U,i of pre-descent data. For every U , we obtain the object limiBi,U ∈
B(U). The morphisms ϕi,u : u∗Bi,U −→ Bi,V for u : V −→ U give rise to a
limit morphism limiϕi,u : limiu

∗Bi,U −→ limiBi,V . Composed with the canonical
map ψu : u∗limiBi,U −→ limiu

∗Bi,U , we obtain ϕu = limiϕi,uψu : u∗limiBi,U −→
limiBi,V . The resulting (limiBi,U )U endowed with the maps ϕu is seen to define a
pre-descent datum. If (Bi,U )U,i is a diagram of descent data, and u∗ preserves the
limit limi, then ψu is an isomorphism and so is ϕu.

Next, we look at the statements concerning colimits. Consider a diagram (Bi,U )U,i
of pre-descent data. For every U , we obtain the object colimiBi,U ∈ B(U). The
morphisms ϕi,u : u∗Bi,U −→ Bi,V for u : V −→ U give rise to a colimit morphism
colimiϕi,u : colimiu

∗Bi,U −→ colimiBi,V . This time, we have a canonical morphism
ψu : colimiu

∗Bi,U −→ u∗colimiBi,U . If u∗ preserves the colimit colimi, then ψu is an
isomorphism, and we put ϕu = colimiϕi,uψ

−1
u : u∗colimiBi,U −→ colimiBi,V . The

resulting (colimiBi,U )U endowed with the maps ϕu is seen to define a pre-descent
datum. If (Bi,U )U,i is a diagram of descent data, then ϕu is an isomorphism. �

Corollary 4.6. Let B be a prestack on U . If all the categories B(U) are abelian
and all the functors u∗ : B(U) −→ B(V ) are exact, then Des(B) is abelian and the
canonical functors πV : Des(B) −→ B(V ) are exact.

A morphism of prestacks ϕ : A −→ B induces a k-linear functor

Des(ϕ) : Des(A) −→ Des(B).

We will make use of the following:

Proposition 4.7. Let ϕ : A −→ B be a morphism of prestacks on U . The following
are equivalent:

(1) ϕ is an equivalence in the 2-category Prestack(U , k);
(2) ϕU : A(U) −→ B(U) is an equivalence of categories for every U ∈ U .

In this case, the induced functor Des(ϕ) : Des(A) −→ Des(B) is an equivalence of
categories.
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4.2. Quasi-coherent modules. Next we describe our main source of prestacks of
affine localizations.

Let Cat(k) be the category of small k-linear categories and k-linear functors. Let
U be a small category and let A : Uop −→ Cat(k) be a prestack of small k-linear
categories. For instance, A could be a twisted presheaf of k-algebras (using the
natural inclusion Alg(k) ⊆ Cat(k)).

We construct an associated prestack

ModA = ModrA

as follows.

• For U ∈ U , ModA(U) = Mod(A(U)), the category of k-linear functors
A(U)

op −→ Mod(k);
• For u : V −→ U , the restriction functor is − ⊗u A(V ) : Mod(A(U)) −→
Mod(A(V )), the unique colimit preserving functor extending u∗ : A(U) −→
A(V );
• The twist isomorphisms (c and z) combine the twists in A with the natural

isomorphisms between tensor functors.

Let us make the construction explicit. Let F ∈ Mod(A(U)). Define F ⊗u A(V )
by for all B ∈ A(V ),

F ⊗u A(V )(B) =
⊕

A∈A(U)

F (A)⊗k A(V )(B, u∗A)/ ∼

where ∼ is defined as the equivalence relation generated as follows. For a : A −→ A′

in A(U), x ∈ F (A′), y ∈ A(V )(B, u∗A), we put

F (a)(x)⊗ y ∼ x⊗ u∗(a)y.

This expresses that the tensor product is taken over A(U), so the action by mor-
phisms a in A(U) can be moved through the tensor symbol. In particular, if
F = A(U)(−, A′) for some A′ ∈ A(U), u∗ induces an isomorphism

θuA′ : A(U)(−, A′)⊗u A(V ) ∼= A(V )(−, u∗A′),
and if u = 1U , (zU )−1 induces an isomorphism F ⊗1U A(U) ∼= F. This is equivalent
to say that the isomorphism Mod(z)U : 1ModA(U) −→ −⊗1U A(U) is induced by zU .

Suppose that the prestack A gives rise to the isomorphism cu,v : v∗u∗ −→ (uv)∗

for v : W −→ V , u : V −→ U . We will give the corresponding isomorphism
Mod(c)u,v : −⊗uA(V )⊗v A(W ) −→ −⊗uv A(W ). In fact, according to the above
construction, we have

F ⊗u A(V )⊗v A(W )(C) =
⊕

B∈A(V )

F ⊗u A(V )(B)⊗k A(W )(C, v∗B)/ ∼

=
⊕

A∈A(U)
B∈A(V )

F (A)⊗k A(V )(B, u∗A)⊗k A(W )(C, v∗B)/ ∼

∼=
⊕

A∈A(U)

F (A)⊗k A(W )(C, v∗u∗A)/ ∼

∼=
⊕

A∈A(U)

F (A)⊗k A(W )(C, (uv)∗A)/ ∼

where the first isomorphism is induced by θvu∗A and the second by cu,v.

One can also define another prestack ModlA, the “left version” of ModA. Namely,

ModlA(U) is defined to be the category of k-linear functors A(U) −→ Mod(k); the
restriction maps A(V )⊗u − can be defined analogously. In this case, the twists of

ModlA are induced by c−1 and z−1.
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Remark 4.8. When A is a twisted presheaf of k-algebras, the category Mod(A(U))

(resp. Modl(A(U))) is the same as the category of right (resp. left) modules over
A(U) in the usual sense, and the restriction map − ⊗u A(V ) (resp. A(V ) ⊗u −)
also coincides with the usual tensor product. So our notations will not lead to
misunderstanding. Furthermore, the twists Mod(c)u,v, Mod(z)U and Modl(c)u,v,

Modl(z)U are given by

Mod(c)u,vM : M ⊗u A(V )⊗v A(W ) −→M ⊗uv A(W ),

m⊗ a⊗ b 7−→ m⊗ cu,vv∗(a)b,

Mod(z)UM : M −→M ⊗1U A(U),

m 7−→ m⊗ zU ,

Modl(c)u,vM : A(W )⊗v A(V )⊗uM −→ A(W )⊗uv M,

b⊗ a⊗m 7−→ bv∗(a)(cu,v)−1 ⊗m,

Modl(z)UM : M −→ A(U)⊗1U M,

m 7−→ (zU )−1 ⊗m
for any A(U)-module M .

Definition 4.9. Let A : Uop −→ Cat(k) be a prestack. We define the category of
(right) modules over A to be

Mod(A) = Modr(A) = PDes(ModrA),

and the category of (right) quasi-coherent modules over A to be

Qch(A) = Qchr(A) = Des(ModrA).

We define the category of left modules over A to be

Modl(A) = PDes(ModlA),

and the category of left quasi-coherent modules over A to be

Qchl(A) = Des(ModlA).

Since Modl(A) ∼= Modr(Aop

) and Qchl(A) ∼= Qchr(Aop

), it suffices to study right
(quasi-coherent) modules.

4.3. Quasi-coherent presheaves. In §4.2, we define a category of quasi-coherent
modules over an arbitrary prestack of small k-linear categories. In particular, the
definition applies to a twisted presheaf of algebras with central twists. In this
section, we define a category of “quasi-coherent presheaves” in this special case and
we prove that both categories are equivalent.

Let A be a presheaf of k-algebras on U . Denote by Pr(A|U ) the category of
presheaves of right modules over A|U . Every morphism u : V −→ U in U induces
a functor u∗Pr : Pr(A|U ) −→ Pr(A|V ). It is obvious that v∗Pru

∗
Pr = (uv)∗Pr for an

additional v : W −→ V in U and (1U )∗Pr = 1Pr(A|U ). Thus we obtain a functor

Pr(A) : U
op

−→ Cat(k),

U 7−→ Pr(A|U )

u 7−→ u∗Pr.

Let M be a right A(U)-module. Then for any u : V −→ U , M̃(u) := M ⊗uA(V )
is a right A(V )-module where A(V ) is regarded as a left A(U)-module via u∗ and
M ⊗u A(V ) := M ⊗A(U) A(V ). Let u′ : V ′ −→ U and v : V ′ −→ V be such that
uv = v′. Then v∗ : A(V ) −→ A(V ′) is an A(U)-bimodule homomorphism, and thus

M̃(v) := 1M ⊗ v∗ : M̃(u) −→ M̃(u′) is a right A(U)-module homomorphism. We
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can check the functorial property of M̃ and hence we obtain a presheaf M̃ of right
modules over A|U on U/U . Consider the following assignment

QU : Mod(A(U)) −→ Pr(A|U ),

M 7−→ M̃.

In order to make QU into a functor, associate to an A(U)-module homomorphism
g : M −→ N the natural transformation g̃ = {g̃u}u : V−→U defined by

g̃u := g ⊗ 1A(V ) : M ⊗u A(V ) −→ N ⊗u A(V ).

It is easy to verify that QU is indeed a functor.
Observe that we have the following canonical isomorphism

canu,vM : M ⊗u A(V )⊗v A(W ) −→M ⊗uv A(W ), m⊗ a⊗ b 7−→ m⊗ v∗(a)b.

Lemma 4.10. (1) The functor QU is fully faithful for each U .
(2) The square

Mod(A(U))
QU //

−⊗uA(V )

��

Pr(A|U )

u∗Pr
��

Mod(A(V ))
QV // Pr(A|V )

is 2-commutative. More precisely, there is a natural isomorphism

τu : u∗PrQ
U −→ QV (−⊗u A(V ))

induced by (canu,vM )−1.

Proof. (1) Note that F ∈ Pr(A|U )(M̃, Ñ) is completely determined by its compo-
nent F 1U ∈ Mod(A(U))(M ⊗1U A(U), N ⊗1U A(U)) which can be identified with
an A(U)-module homomorphism M −→ N .

(2) Straightforward. �

Definition 4.11. A presheaf F ∈ Pr(A|U ) is called a quasi-coherent presheaf over

A|U if F ∼= M̃ for some A(U)-module M .

Denote by QPr(A|U ) the category of quasi-coherent presheaves over A|U , i.e. the
essential image of QU , which is a full subcategory of Pr(A|U ). By Lemma 4.10 (2),
u∗Pr preserves quasi-coherent modules. Let u∗QPr : QPr(A|U ) −→ QPr(A|V ) be the
restriction of u∗Pr. By abuse of the notation, the restricted isomorphism

(4.3) u∗QPrQ
U −→ QV (−⊗u A(V ))

is still denoted by τu.
Our next task is to define quasi-coherent presheaves over a twisted presheaf A

with central twists c. In order to adapt to the twist Mod(c)u,v, we have to define
an appropriate twist Pr(c)u,v : v∗Pru

∗
Pr −→ (uv)∗Pr artificially. Let F ∈ Pr(A|U )

and w : T −→ W ∈ U/W . We have v∗Pru
∗
Pr(F)(w) = (uv)∗Pr(F)(w) = F(uvw) ∈

Mod(A(T )). By (2.6), w∗(cu,v) = (cuv,w)−1cu,vwcv,w is a central invertible element
in A(T ), and hence determines an automorphism w∗(cu,v)r : F(uvw) −→ F(uvw),
m 7−→ mw∗(cu,v). Hence we obtain an isomorphism

Pr(c)u,vF : v∗Pru
∗
Pr(F) −→ (uv)∗Pr(F)

in Pr(A|W ) as well as a natural transformation Pr(c)u,v =
(
Pr(c)u,vF

)
F . A direct

computation shows that the condition

Pr(c)u,vwPr(c)v,w = Pr(c)uv,ww∗Pr(Pr(c)
u,v)
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is satisfied. Therefore we obtain two prestacks

PrA : U
op

−→ Cat(k), QPrA : U
op

−→ Cat(k),

U 7−→ Pr(A|U ) U 7−→ QPr(A|U )

u 7−→ u∗Pr u 7−→ u∗QPr

whose twist functors c are both given by Pr(c), and z given by identity.
We define the category of (right) twisted presheaves over a twisted presheaf A

with central twists by

Pr(A) = Des(PrA).

and the category of (right) twisted quasi-coherent presheaves by

QPr(A) = Des(QPrA).

Recall that we define Qch(A) in §4.2 for a general prestack A. When restricted
to the above situation, let us prove that it is equivalent to QPr(A).

Theorem 4.12. Let A be a twisted presheaf of algebras on U having central twists.
Then Q = (QU , τu)U,u gives an equivalence

Qch(A) ∼= QPr(A)

of k-linear categories where τu is given in (4.3).

Proof. By Lemma 4.10 and Proposition 4.7, it suffices to check that Q : ModA −→
QPrA is a pseudonatural transformation.

Let us first prove (4.1). For any M ∈ Mod(A(U)) and w : T −→ W ∈ U/W , we
have that(

τuv(Pr(c)u,v ◦QU )
)w
M

= τuv,wM ◦ Pr(c)u,v,w
M̃

= (canuv,wM )−1 ◦ w∗(cu,v)r

as a homomorphism M⊗uvwA(T ) −→M⊗uvA(W )⊗wA(T ) which maps m⊗a to
m⊗1⊗aw∗(cu,v). Likewise, the three natural transformations v∗QPr ◦ τu, τv ◦ (−⊗u
A(V )), QW ◦Mod(c)u,v, when acting on M and w, are equal to the homomorphisms

(canu,vwM )−1 : M ⊗uvw A(T ) −→M ⊗u A(V )⊗vw A(T )

m⊗ a 7−→ m⊗ 1⊗ a,
(canv,wM⊗uA(U))

−1 : M ⊗u A(V )⊗vw A(T ) −→M ⊗u A(V )⊗v A(W )⊗w A(T )

m⊗ a′ ⊗ a 7−→ m⊗ a′ ⊗ 1⊗ a,
Mod(c)u,vM ⊗ 1A(T ) : M ⊗u A(V )⊗v A(W )⊗w A(T ) −→M ⊗uv A(W )⊗w A(T )

m⊗ a′′ ⊗ a′ ⊗ a 7−→ m⊗ cu,vv∗(a′′)a′ ⊗ a,

respectively. After composing them, we have

τuv(Pr(c)u,v ◦QU ) = (QW ◦Mod(c)u,v)(τv ◦ (−⊗u A(V )))(v∗QPr ◦ τu),

finishing the verification of (4.1).
Next we will prove (4.2). This follows from the fact that the twists zU of QPrA

are all identity transformations. �

Likewise, by considering left modules, we can also introduce PrlA, QPrlA, and so

on. In particular, we obtain Qchl(A) ∼= QPrl(A) by applying Theorem 4.12 to Aop

.
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4.4. The Grothendieck property. One of the important properties of categories
of quasi-coherent sheaves on schemes is the Grothendieck property. This property
was originally established for quasi-compact quasi-separated schemes in [22]. More
recently, a proof for arbitrary schemes was given by Gabber (see [9, Lemma 2.1.7])
and in [15], the authors present a general proof making use of the category of quasi-
coherent modules over a ring representation of a quiver. Recall that a Grothendieck
category is a cocomplete abelian category with exact filtered colimits and a set
of generators. By the Gabriel-Popescu theorem, Grothendieck categories can be
considered as additive topoi (see [34]). The terminology in the following definition
is inspired by topos theory:

Definition 4.13. Let U be a small category. A prestack A : Uop −→ Cat(k) is
called geometric if for every u : V −→ U in U , the restriction functor

−⊗u A(V ) : Mod(A(U)) −→ Mod(A(V ))

is exact.

In this section, building on the argument from [15], we prove the following:

Theorem 4.14. Let U be a small category and let A be a geometric prestack on
U . The category Qch(A) is a Grothendieck abelian category.

We make use of cardinalities. For a small category U , put |U| =
∑
U,V ∈U |U(V,U)|.

For a small k-linear category a and M ∈ Mod(a), a subset X ⊆ M by definition
consists of subsets X(A) ⊆ M(A) for all A ∈ a. Put |X| =

∑
A∈a |X(A)|. For a

prestack A : U −→ Cat(k) on U , put |A| =
∑
U∈U |A(U)|. For M = (MU )U ∈

Mod(A), a subset X ⊆ M by definition consists of subsets XU ⊆ MU for every
U ∈ U . Put |X| =

∑
U∈U |XU |.

Proof. The restriction functor is exact by assumption and preserves all colimits.
By Proposition 4.5 (3), it follows that Qch(A) is an abelian category with exact
filtered colimits. It remains to show that Qch(A) has a set of generators. Let κ be
a cardinal with κ ≥ sup{ℵ0, |U|, |A|}. By Proposition 4.16, for every M ∈ Qch(A),
U ∈ U , A ∈ A(U) and x ∈ MU (A), there exists a subobject N ⊆ M in Qch(A)
with x ∈ NU (A) and |N | ≤ κ. Let Qch(A)0 be a skeletal subcategory of Qch(A).
Then the objects N ∈ Qch(A)0 with |N | ≤ κ constitute a set of generators for
Qch(A). �

Remarks 4.15. (1) A simplification of the argument shows that for an arbitrary
prestack on U , the category Mod(A) is Grothendieck. In fact, it is well
known that a stronger property holds, namely Mod(A) has a set of finitely
generated projective generators PAU for U ∈ U , A ∈ A(U) with (PAU )V (B) =
⊕u:V−→UA(V )(B, u∗A) (see [40], [41]).

(2) Making use of cardinalities of objects in Grothendieck categories in the
sense of [40], it is possible to investigate the more general question when
a descent category of Grothendieck categories inherits the Grothendieck
property. This question will be addressed in [13].

The main result used in the proof of Theorem 4.14 is the following:

Proposition 4.16. Let U be a small category and let A be a geometric prestack
on U . Let κ be an cardinal with κ ≥ sup{ℵ0, |U|, |A|}. Consider M ∈ Qch(A) and
suppose that X ⊆ M is a subset with |X| ≤ κ. Then there is a subobject N ⊆ M
in Qch(A) with X ⊆ N and |N | ≤ κ.

The proof of Proposition 4.16, which will be completed at the end of this section,
makes use of the notions of quivers, Cat(k)-representations of quivers, and (quasi-
coherent) representations over Cat(k)-representations. These notions correspond to
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part of the data, with part of the axioms defining categories, prestacks on categories,
and (quasi-coherent) modules over prestacks respectively. The weaker notions are
not used elsewhere in the paper.

A quiver U consists of a set of objects Ob(U) and for U, V ∈ U , a set of morphisms
U(U, V ). For a quiver U , a Cat(k)-representation of U consists of the following data:

• for every U ∈ U a small k-linear category A(U);
• for every u : V −→ U in U a k-linear functor u∗ : A(U) −→ A(V ).

If for every u : V −→ U in U , the restriction functor

−⊗u A(V ) : Mod(A(U)) −→ Mod(A(V ))

is exact, the Cat(k)-representation A is called geometric.
For a Cat(k)-representation A of U , a representation M = (MU )U over A consists

of the following data:

• for every U ∈ U an object MU ∈ Mod(A(U));
• for every u : V −→ U in U a morphism ϕu : MU ⊗u A(V ) −→MV .

If the morphism ϕu is an isomorphism for all u ∈ U , M is a quasi-coherent repre-
sentation. A morphism of (quasi-coherent) representations f : (NU )U −→ (MU )U
consists of a compatible collection of morphisms fU : NU −→MU . We thus obtain
the category Rep(A) of representations over A and its full subcategory QRep(A) of
quasi-coherent representations. A subset X ⊆M of a representation M consists of
subsets XU ⊆MU for all U ∈ U .

Cardinalities of quivers, Cat(k)-representations, and their (subsets of) repre-
sentations are defined in complete analogy with cardinalities of small categories,
prestacks and their (subsets of) modules.

Obviously, a small category U can be seen as a quiver by forgetting about the
composition. The resulting forgetful functor from small categories to quivers has
a left adjoint path category functor. For a quiver U , the path category P(U)
has Ob(P(U)) = Ob(U) and P(U)(V,U) = ∪n∈NP(U)n(V,U) where P(U)n(V,U)
consists of paths of length n

(4.4) p = ( V = U0
u1 // U1

u2 // · · ·
un−1 // Un−1

un // Un = U ).

We have

P0(U)(V,U) =

{
{1U} if V = U

∅ otherwise

where 1U denotes the unique path of length 0 from U to U . The composition
in P(U) is given by concatenation of paths, and the paths 1U are the identity
morphisms.

If A : Uop −→ Cat(k) is a prestack on a small category U , then A can be seen as a
Cat(k)-representation of the quiver U . If U is a quiver with Cat(k)-representation A,
we define a prestack P(A) on P(U) as follows. For U ∈ U , we put P(A)(U) = A(U).
For p ∈ P(U)(V,U) as in (4.4), we put

p∗ = u∗1u
∗
2 . . . u

∗
n−1u

∗
n : A(U) −→ A(V )

and 1∗U = 1A(U). Then P(A) becomes a prestack by taking all the twist isomor-
phisms to be identity morphisms, i.e. P(A) is a presheaf of k-linear categories. We
obtain an equivalences of categories Rep(A) ∼= Mod(P(A)) which restricts to an
equivalence

(4.5) QRep(A) ∼= Qch(P(A)).

Under these equivalences, a representation M = (MU )U of A is uniquely extended
to a P(A)-module P(M) = (MU )U by imposing the compatibility relation between
the morphisms ϕu : MU ⊗u A(V ) −→MV with respect to concatenation.
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IfA : U −→ Cat(k) is a prestack on a small category U , then the category Mod(A)
is a full subcategory of Rep(A), and Qch(A) is a full subcategory of QRep(A).

We will prove Proposition 4.16 in the following steps:

(1) In Lemma 4.20, we show that Proposition 4.16 holds if A is a presheaf of
k-linear categories on U .

(2) In Proposition 4.21, by (4.5) we deduce from Lemma 4.20 applied to P(A)
the corresponding statement for the category QRep(A) of a Cat(k)-repre-
sentation A.

(3) In Lemma 4.22, we show that a subrepresentation of a module over a
prestack A is automatically a submodule, whence Proposition 4.21 implies
Proposition 4.16.

Lemma 4.17. Let a be a small k-linear category. Consider M ∈ Mod(a) and a
subset X ⊆M . The smallest submodule N ⊆M with X ⊆ N satisfies |N | ≤ |X|·|a|.

Proof. For f : A −→ B, let Nf (A) ⊆ M(A) be the image of X(B) under M(f) :
M(B) −→M(A). The submodule N ⊆M satisfies N(A) =

∑
f :A−→B N

f (A). �

Lemma 4.18. Let U be a small category and let A be a presheaf of small k-
linear categories on U . Let κ be a cardinal with κ ≥ sup{ℵ0, |U|, |A|}. Consider
M ∈ Mod(A) and a subset X ⊆ M . The smallest subobject N ⊆ M in Mod(A)
with X ⊆ N satisfies |N | ≤ |X| · κ.

Proof. For U ∈ U , let YU ⊆MU be the smallest submodule of MU with XU ⊆ YU .
For u : V −→ U , let Nu

V ⊆ MV be the image of YU ⊗u A(V ) under ϕMu : MU ⊗u
A(V ) −→MV . The submodule N ⊆M satisfies NV =

∑
u:V−→U N

u
V . �

Lemma 4.19. Proposition 4.16 holds true for A : Uop −→ Cat(k) a geometric
presheaf of categories, i.e. a geometric prestack with all twists given by identity
morphisms, on U = P(e : 2 −→ 1).

Proof. Consider the isomorphism ϕMe : M1 ⊗e A(2) −→ M2. We have κ ≥
{ℵ0, |A(1)|, |A(2)|}. From the existence of epimorphisms⊕

B∈A(1)

M1(B)⊗k A2(A,A(e)(B)) −→M2(A)

we see that there exists a submodule Y1 ⊆ M1 with |Y1| ≤ κ and X2 ⊆ ϕMe (Y1 ⊗e
A(2)). Let N1 be the smallest submodule of M1 with X1∪Y1 ⊆ N1. Since −⊗eA(2)
is exact, we have N1⊗eA(2) ⊆M1⊗eA(2) and putting N2 = ϕMe (N1⊗eA(2)) ⊆M2

yields the desired quasi-coherent submodule N ⊆M . �

Lemma 4.20. Proposition 4.16 holds true for A : Uop −→ Cat(k) a geometric
presheaf of categories, i.e. a geometric prestack with all twists given by identity
morphisms.

Proof. This is proven along the lines of [15, Prop. 3.3], by combining Lemmas 4.18
and 4.19 in a transfinite induction on N ×Mor(U) (after well-ordering Mor(U) =∐
V,U∈U U(V,U)). �

Proposition 4.21. Let U be a quiver and let A be a geometric Cat(k)-representa-
tion of U . Let κ be a cardinal with κ ≥ sup{ℵ0, |U|, |A|}. Consider M ∈ QRep(A)
and suppose that X ⊆ M is a subset with |X| ≤ κ. Then there is a subobject
N ⊆M in QRep(A) with X ⊆ N and |N | ≤ κ.

Proof. Let P(U) be the path category of U , and let P(A) be the associated geomet-
ric prestack on P(A). Note that sup{ℵ0, |P(U)|, |P(A)|} ≤ κ. Consider the unique
extension of M to M = (MU )U ∈ Qch(P(A)) under the equivalence (4.5). Accord-
ing to Lemma 4.20, there is a subobject N ⊆M in Qch(P(A)) with XU ⊆ NU for
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all U and with |N | ≤ κ. Under the equivalence (4.5), N corresponds to a subobject
N ⊆M in QRep(A) with the desired properties. �

Lemma 4.22. Let U be a small category and let A be a geometric prestack on U .
The full subcategory Mod(A) ⊆ Rep(A) is closed under subobjects, i.e. if we have
N ⊆ M in Rep(A) with M ∈ Mod(A), then we also have N ∈ Mod(A). Similarly,
the full subcategory Qch(A) ⊆ QRep(A) is closed under subobjects.

Proof. Since M = (MU , ϕ
M
u ) ∈ Mod(A), we have a commutative diagram

(4.6) MU ⊗u A(V )⊗v A(W )
ϕMu ⊗1 //

Mod(c)u,vMU
��

MV ⊗v A(W )

ϕMv
��

MU ⊗uv A(W )
ϕMuv

// MW

in Mod(A(W )) for any u : V −→ U , v : W −→ V . Since N = (NU , ϕ
N
u ) is a

subrepresentation of M , and since − ⊗u A(V ) is exact by assumption, we have a
commutative diagram

MU ⊗u A(V )
ϕMu // MV

NU ⊗u A(V )

OO

ϕNu

// NV

OO

in which the vertical arrows are monomorphisms, i.e. we have ϕNu = ϕMu |N . Sim-
ilarly, we have ϕNuv = ϕMuv|N and ϕNu ⊗ 1 = (ϕMu ⊗ 1)|N . Further, since the twist
Mod(c)u,v is a natural transformation, we also have Mod(c)u,vNU = Mod(c)u,vMU

|N . It
follows that diagram (4.6) for N instead of M is obtained as a subdiagram of (4.6),
whence it commutes. We conclude that N ∈ Mod(A). �

Proof of Proposition 4.16. Consider U as a quiver, A as a geometric Cat(k)-repre-
sentation of U , and M as a quasi-coherent representation of A. By Proposition
4.21, there is an N ⊆ M in QRep(A) with X ⊆ N and |N | ≤ κ. By Lemma 4.22,
we have N ∈ Qch(A). �

4.5. Flatness. In the context of deformation theory, the notion of flatness is fun-
damental. An appropriate notion of flatness for abelian categories was introduced
in [40, §3].

Let C be an abelian category. Let mod(k) be the category of finitely presented k-
modules. Recall first that an object C ∈ C is called flat if the natural finite colimit
preserving functor −⊗kC : mod(k) −→ C, k 7−→ C is exact, and coflat if the natural
finite limit preserving functor Homk(−, C) : mod(k) −→ C is exact. Flatness for
abelian categories is a selfdual notion which naturally extends the usual notion of
flatness for k-algebras, as the following proposition shows. More generally, it can
easily be characterized for an arbitrary abelian category with enough projectives
(or, dually, with enough injectives).

Proposition 4.23. [40, §3].

(1) Let a be a k-linear category. The abelian category Mod(a) is flat if and only
if the modules a(A,A′) are flat for all A,A′ ∈ a.

(2) Let C be an abelian category with enough injectives. Then C is flat if and
only if every injective object in C is coflat.

In order that the descent category inherits flatness, we restrict our setting.
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Definition 4.24. Let C be a prestack on a small category U with pullbacks and
binary products. For U, V,W ∈ U , v : V −→ U , w : W −→ U in U , consider the
pullback

(4.7) V
v // U

V ∩W

w1

OO

v1
// W

w

OO

with u = vw1 = wv1. We call C a prestack of affine localizations if the following
conditions are fulfilled for all objects and morphisms involved:

(1) The category C(U) is a Grothendieck abelian category.
(2) The functor v∗ : C(U) −→ C(V ) is exact.
(3) The functor v∗ has a right adjoint v∗ : C(V ) −→ C(U) such that:

(a) v∗ : C(V ) −→ C(U) is fully faithful;
(b) v∗ : C(V ) −→ C(U) is exact.

(4) We have natural isomorphisms

(v∗v
∗)(w∗w

∗) ∼= u∗u
∗ ∼= (w∗w

∗)(v∗v
∗).

Remark 4.25. In Definition 4.24, conditions (2) and (3a) together mean that v∗
is a localization, and (4) implies that any two such localizations v∗ and w∗ are
compatible.

Let U be a finite poset with binary meets and let U? = U ∪ {?} be the poset U
with top ? adjoined. Note that U? is a lattice. Conversely, let U? be a finite lattice
with top ? and U = U? \ {?}. Then U is a finite poset with binary meets. Posets
are considered as categories in the usual way. For U, V ∈ U , the meet of U and V
is denoted by U ∩ V .

Proposition 4.26. Let U? be a finite lattice with top ? and U = U? \ {?}. Let C
be a prestack of affine localizations on U .

(1) There is a prestack of affine localizations C? on U? with C?|U = C and
C?(?) = Des(C). For the unique map uU : U −→ ?, we have

u∗U = πU : Des(C) −→ C(U).

Consider the pullback in U?:

U
uU // ?

U ∩ V

uUU∩V

OO

uVU∩V

// V

uV

OO

The right adjoint uU,∗ of u∗U satisfies

(4.8) u∗V uU,∗ = uVU∩V,∗u
U,∗
U∩V .

(2) If the abelian categories C(U) are flat over k for U ∈ U , then so is C?(?) =
Des(C).

Proof. Consider a pullback (4.7). By condition (4), we obtain canonical natural
isomorphisms w∗v∗ ∼= v1,∗w

∗
1 compatible with the pseudofunctor isomorphisms of

C. For C ∈ C(U), this allows the definition of a descent datum uU,∗(C) based
upon (4.8). The resulting functor uU,∗ is exact by conditions (2) and (3b) and
fully faithful by formula (4.8) applied to V = U since U ∩ U = U , uUU = 1U and

uU,∗U
∼= 1C(U)

∼= uUU,∗.

Since U is finite, the fact that Des(C) inherits flatness is proven like [36, Propo-
sition 3.12]. �
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Definition 4.27. Let U be a poset with binary meets and let A : Uop −→ Cat(k)
be a prestack on U .

We call A a (right) semi-separated prestack (resp. a left semi-separated prestack)

if the associated prestack ModrA (resp. ModlA) is a prestack of affine localizations
in the sense of Definition 4.24.

If A : Uop −→ Alg(k) is a (twisted) presheaf of k-algebras, we call A a (right)
semi-separated (twisted) presheaf (resp. a left semi-separated (twisted) presheaf ) if
the corresponding prestack is right (resp. left) semi-separated.

If the poset U is finite, we callA a quasi-compact prestack (or (twisted) presheaf).

Note that a semi-separated prestack is geometric in the sense of Definition 4.13.
Clearly, in Definition 4.24, conditions (1) and (3b) are automatically fulfilled for
C = ModrA, and the remaining conditions can be made explicit. In particular, for
twisted presheaves of k-algebras we obtain:

Proposition 4.28. Let U be a poset with binary meets and let A : Uop −→ Alg(k)
be a twisted presheaf of k-algebras on U . Then A is a right semi-separated twisted
presheaf if and only if the following conditions are fulfilled for all U , V , W ∈ U
with V ≤ U , W ≤ U :

(i) The restriction map A(U) −→ A(V ) is a right flat epimorphism of rings.
(ii) We have isomorphisms of A(U)-bimodules

A(V )⊗A(U) A(W ) ∼= A(V ∩W ) ∼= A(W )⊗A(U) A(V ).

Proof. According to Lemmas 3.1 and 3.2, condition (i) (resp. (ii)) is equivalent to
condition (2) + (3a) (resp. (4)) from Definition 4.24. �

Remark 4.29. Proposition 4.28 can easily be adapted to the case of a general
prestack A : Uop −→ Cat(k) based upon [30], where a linear functor f : a −→ b
inducing a fully faithful forgetful functor Mod(b) −→ Mod(a) is characterized as a
so called “epimorphism up to direct factors”.

We have the following corollary of Proposition 4.26 and Theorem 4.14:

Proposition 4.30. Let U? be a finite lattice with top ? and U = U? \ {?}. Let A
be quasi-compact semi-separated prestack on U .

(1) We obtain a prestack of affine localizations Mod?A on U? with Mod?A|U =
ModA. The category Mod?A(?) = Qch(A) is a Grothendieck abelian cate-
gory.

(2) If the modules A(U)(A,A′) are flat over k for A,A′ ∈ A(U) and U ∈ U ,
then the abelian category Mod?A(?) = Qch(A) is flat over k.

Example 4.31. Let X be a scheme over k with a finite semi-separating cover U
and let U? be the same cover with ? = X adjoined. The restricted structure sheaf
O = OX |U constitutes a quasi-compact semi-separated presheaf of k-algebras. We
obtain the prestack of affine localizations Mod?O on U? with Mod?O|U = ModO and
Mod?O(X) = Qch(O) ∼= Qch(X), which is Grothendieck. The prestack Mod?O is
equivalent to the prestack V 7−→ Qch(V ) on X, restricted to U?. If the algebras
O(U) are flat over k for U ∈ U , the abelian category Qch(X) is flat over k.

5. Comparison of abelian deformations

The infinitesimal deformation theory of abelian categories was developed in [40]
as a natural extension of the classical Gerstenhaber deformation theory of algebras
[16]. The relation between the two theories is best understood by means of the fol-
lowing basic result from [40]: if A is an algebra with module category Mod(A), then
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there is an equivalence between algebra deformations of A and abelian deformations
of Mod(A). This equivalence is given by:

Defalg(A) −→ Defab(Mod(A)), B 7−→ Mod(B).

Our first aim in this section is to prove a counterpart of this theorem for twisted
presheaves. Precisely, in §5.2, we prove that for A a quasi-compact semi-separated
twisted presheaf, there is an equivalence between twisted deformations of A and
abelian deformations of Qch(A) (Theorem 5.10). This equivalence is given by:

(5.1) Deftw(A) −→ Defab(Qch(A)), B 7−→ Qch(B).

In §5.1, we briefly recall the necessary background from [40] in order to make our
presentation of the proof of Theorem 5.10 self contained.

If we compose (5.1) with the isomorphism (2.7), we thus obtain a canonical
isomorphism

ΨA : HH2(A) −→ Deftw(A) −→ Defab(Qch(A)).

For our purpose, we instead look at the isomorphism

ΨA
op

(−)
op

: HH2(A) −→ HH2(A
op

) −→ Deftw(A
op

) −→ Defab(Qchl(A)).

For X a scheme with a finite semi-separating cover U , taking A = OX |U , the

morphism ΨA
op

(−)
op

translates into a canonical isomorphism

(5.2) ΨX : HH2(OX |U ) −→ Defab(Qch(X)).

On the other hand, if X is furthermore smooth, in [48], Toda associates to an
element

u ∈ Ȟ2(X,OX)⊕ Ȟ1(X, TX)⊕ Ȟ0(X,∧2TX)

a certain “first order deformation” of the abelian category Qch(X). This is an

abelian k[ε]-linear category Qchl(X,u), which is not a priori a deformation in the
sense of §5.1.

We know from §3 that

HH2(X) ∼= HH2(OX |U ) ∼= Ȟ2(X,OX)⊕ Ȟ1(X, TX)⊕ Ȟ0(X,∧2TX),

so both (5.2) and Toda’s construction give concrete ways to interpret a Hochschild
2-class of a smooth scheme in terms of a certain k[ε]-linear abelian category. In
§5.3, we use the isomorphisms

(5.3) H2CGS(OX |U ) ∼= ⊕p+q=2Ȟ
p(U ,ΛqTX)

from §3.3 and §3.4 in order to show that both constructions are equivalent, which
in fact holds true for an arbitrary smooth scheme X with semi-separating cover
U . Precisely, in Theorem 5.12, we show that if φ ∈ H2CGS(OX) corresponds to

u ∈ ⊕p+q=2Ȟ
p(X,ΛqTX) under (5.3), then for the image ΨX(φ) = Qchl(Ō) of φ

under (5.2), there is an equivalence of abelian categories

Qchl(Ō) ∼= Qchl(X,u).

The proof of the theorem makes use of the intermediate category QPrl(Ō), which

was shown to be equivalent to Qchl(Ō) in Theorem 4.12.

In case X is quasi-compact semi-separated, it further follows that Qchl(X,u)
is an abelian deformation of Qch(X) in the sense of [40] and the general theory,
including the obstruction theory for lifting objects [35], applies. This is used for
instance by Macr̀ı and Stellari in the context of an infinitesimal derived Torelli
theorem for K3 surfaces [42, §3].
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5.1. Deformations of abelian categories. The infinitesimal deformation theory
of abelian categories as developed in [40] constitutes a natural extension of Gersten-
haber’s deformation theory of algebras [16]. In the current paper, we are concerned
with first order deformations, i.e. we deform in the direction of the dual numbers
k[ε]. For abelian categories, we use the notion of flatness from [40, Definition 3.2]
(see also §4.1).

For a k[ε]-linear category D, we define the full subcategory of k-linear objects

Dk = {D ∈ D | ε1D = 0} ⊆ D.
Taking k-linear objects defines a functor from k[ε]-linear categories to k-linear cat-
egories, which is right adjoint to the forgetful functor. The functor is best behaved
when applied to abelian categories.

Let C be a flat k-linear abelian category. A first order deformation of C is a
flat k[ε]-linear abelian category D with an equivalence C ∼= Dk. An equivalence
of deformations D1 and D2 is an equivalence of categories D1

∼= D2 such that the
induced (D1)k ∼= (D2)k is compatible with the equivalences with C. Let Defab(C)
denote the set of first order abelian deformations of C up to equivalence.

In order to understand the structure of abelian deformations, a fundamental tool
is the lifting of special objects to a deformation.

For a deformation D of C, the natural inclusion functor C −→ D has both a left
adjoint k ⊗k[ε] − : D −→ C and a right adjoint Homk[ε](k,−) : D −→ C. There is
an obstruction theory controlling the lifting of flat objects along k ⊗k[ε] − (and,
dually, for lifting coflat objects along Homk[ε](k,−)) which was developed in [35].

In both cases, the obstruction against lifting is in Ext2
C(C,C), and the freedom

is given by Ext1
C(C,C). Important properties of objects are sometimes preserved

under deformation, as the following proposition shows:

Proposition 5.1. Let C −→ D be an abelian deformation. Let A ⊆ C be a collection
of finitely generated projective generators of C. Let Ā be any collection of flat lifts
of objects in A along k⊗k[ε]− : D −→ C, such that Ā contains at least one flat lift of

every object in A. Then Ā is a collection of finitely generated projective generators
of D.

For a flat k-linear category a, let Def lin(a) be the set of first order linear defor-
mations of a up to equivalence. Here, linear deformations are obtained by simply
treating a linear category as an algebra with several objects in the sense of [43]
(in particular, linear deformations keep the object set fixed, and reduce to algebra
deformations when applied to an algebra). The following fundamental result is
proven based upon Proposition 5.1:

Proposition 5.2. [40] Let a be a k-linear category. There is an isomorphism

Def lin(a) −→ Defab(Mod(a)), b 7−→ Mod(b).

In particular, the deformation of a module category is again a module category.
More generally, the following was shown in [40]:

Proposition 5.3. [40] Let C −→ D be an abelian deformation. If C is a Grothendieck
category, then so is D.

Deformations of Grothendieck categories behave well with respect to localization
in the following sense. Let ι : D′ −→ D be a localization of k[ε]-linear categories
with left adjoint a. Then the induced functor ιk : D′k −→ Dk is a localization with
left adjoint ak. Suppose D is a first order deformation of a Grothendieck category
C ∼= Dk. Let Λ(D) (resp. Λ(Dk)) denote the set of localizations of D (resp. Dk) up
to equivalence. There is a natural map

(5.4) Λ(D) −→ Λ(Dk), ι 7−→ ιk.
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The proof of the following theorem is based upon lifting localizing Serre subcat-
egories to a deformation.

Theorem 5.4. [40] The map (5.4) is bijective.

Further, compatibility of localizations lifts under deformation.

Proposition 5.5. [36, Prop. 3.8] Consider localizations ι1 : D1 −→ D and ι2 : D2 −→
D of flat k[ε]-linear Grothendieck categories. If ι1,k : D1,k −→ Dk and ι2,k : D2,k −→
Dk are compatible, then so are ι1 and ι2. Further, for strict localizations, we have
(D1 ∩ D2)k ∼= D1,k ∩ D2,k.

According to [40], the property of a functor being a localization can itself be lifted
under deformation under some circumstances. We have the following particular
case:

Proposition 5.6. [40, Thm. 7.3] Let ι : D′ −→ D be a right adjoint functor between
flat k[ε]-linear categories such that ι maps injective objects to coflat objects. If
ιk : D′k −→ Dk is a localization between Grothendieck categories, then so is ι.

In particular, the result applies if ι is a functor between flat k[ε]-linear categories
with an exact left adjoint.

Consider a commutative square

(5.5) b //

��

b′

��
a // a′

in which b (resp. b′) is a linear deformation of a (resp. a′). We have the following
corollary of Proposition 5.6:

Proposition 5.7. If in (5.5) Mod(a′) −→ Mod(a) is a localization, then so is
Mod(b′) −→ Mod(b).

5.2. From twisted to abelian deformations. In this section, we present a coun-
terpart to Proposition 5.2 for twisted presheaves of algebras A : Uop −→ Alg(k), or,
more generally, for prestacks A : Uop −→ Cat(k). In Theorem 5.10, we will adopt
the setting of Proposition 4.30 in order to do so.

Let U be a small category. For a prestack A : Uop −→ Cat(k) of small k-linear
categories, first order deformations and equivalences of deformations can be defined
in complete analogy with the case of twisted presheaves in Definition 2.20 (see also
Def. 3.24 in [37]). We will refer to these deformations and equivalences as strict
deformations and strict equivalences. Let Defstw(A) be the set of strict deformations
of A up to strict equivalence.

It will be convenient to consider a more relaxed notion of twisted deformations
as well, based upon equivalences rather than isomorphisms of prestacks (see Propo-
sition 4.7).

A prestack A : Uop −→ Cat(R) of R-linear categories is called flat if for every
U ∈ U and A,A′ ∈ A(U), the R-module A(U)(A,A′) is flat.

Definition 5.8. Let A : Uop −→ Cat(k) be a flat prestack of small k-linear cate-
gories.

(1) A first order deformation of A is a flat prestack B of k[ε]-linear categories
with an equivalence of prestacks k ⊗k[ε] B ∼= A.

(2) An equivalence of deformations B1 and B2 is an equivalence of prestacks
B1
∼= B2 such that the induced equivalence k ⊗k[ε] B1

∼= k ⊗k[ε] B2 is com-
patible with the equivalences with A.
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Let Deftw(A) be the set of first order deformations of A up to equivalence.
Obviously, there is a natural map

(5.6) Defstw(A) −→ Deftw(A).

The following proposition can be proven along the lines of the parallel statement
for linear categories [40, Theorem B.3].

Proposition 5.9. The map (5.6) is an isomorphism.

The following theorem generalizes part of [36, Theorem 3.26].

Theorem 5.10. Let U be a finite poset with binary meets. Let A : Uop −→ Cat(k)
be a quasi-compact semi-separated prestack on U . Every first order deformation of
A is a quasi-compact semi-separated prestack on U . There is an isomorphism

(5.7) Deftw(A) −→ Defab(Qch(A)), B 7−→ Qch(B).

Proof. Put U? = U ∪ {?} with top ? as before.
Consider a first order deformation B ofA. By Propositions 5.7 and 5.5, B : Uop −→

Cat(k[ε]) is a quasi-compact semi-separated prestack on U . By Proposition 4.30 (2),
Qch(B) is a flat abelian category over k[ε]. It is easily seen that Qch(B) is an abelian
deformation of Qch(A) so the map (5.7) is well defined.

An inverse to (5.7) is constructed as follows. Let D(?) be an abelian deforma-
tion of Qch(A). By Theorem 4.14, Qch(A) is Grothendieck, whence by Proposi-
tion 5.3, D(?) is Grothendieck as well. By Proposition 4.30 (1), we have local-
izations Mod(A(U)) −→ Qch(A) for every U ∈ U . Hence by Theorem 5.4, we
obtain a unique corresponding localization uU,∗ : D(U) −→ D(?) for every U ∈ U ,
which is such that D(U) is a deformation of Mod(A(U)). For u : V −→ U in U ,
there is a unique localization Du(V ) −→ D(U) corresponding to the localization
Mod(A(V )) −→ Mod(A(U)). Consequently, the localizations Du(V ) −→ D(U) −→
D(?) and D(V ) −→ D(?) are equivalent. We may suppose all localizations are
strict, whence we have Du(V ) = D(V ) ⊆ D(U) ⊆ D(?). An arbitrary choice of left
adjoints u∗U : D(?) −→ D(U) and u∗ : D(U) −→ D(V ) to these localizations can be
organized into a prestack D? on U? with restriction D to U .

Let Ā(U) ⊆ D(U) be the full subcategory of all flat lifts of objects in A(U) along
k⊗k[ε] − : D(U) −→ Mod(A(U)). By Proposition 5.1, Ā(U) consists of a collection

of finitely generated projective generators of D(U). We obtain a prestack Ā and an
equivalence of prestacks k ⊗k[ε] Ā ∼= A. Thus, Ā is a deformation of A and there

is an equivalence of prestacks D ∼= ModĀ and the category Des(D) ∼= Qch(Ā) is
Grothendieck. The canonical functor ϕ : D(?) −→ Des(D) is exact and has a right
adjoint λ : Des(D) −→ D(?), (MU )U 7−→ limUuU,∗MU . By assumption, λk and
ϕk constitute an equivalence of categories. By Proposition 5.6, λ is a localization.
Further, by Theorem 5.4, λ and ϕ necessarily constitute an equivalence.

Conversely, when B is a first order deformation of A, the inverse construction
applied to a Qch(B) yields back a deformation Ā of A which is equivalent to B. �

Remark 5.11. Theorem 5.10 holds true for arbitrary infinitesimal deformations in
the deformation setup of [40], as can be shown inductively.

5.3. Comparison with Toda’s construction. Let U be a finite poset with bi-
nary meets. Let A : Uop −→ Alg(k) be a quasi-compact semi-separated presheaf of
algebras in the sense of Definition 4.27. Combining (2.5), Propositions 2.21, 5.9
and Theorem 5.10, we obtain a canonical isomorphism

(5.8) HH2(A) −→ HH2(A
op

) −→ Deftw(A
op

) −→ Defab(Qchl(A)).
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Let X be a scheme with a finite semi-separating cover U . From (5.8) we thus obtain
a canonical isomorphism

(5.9) HH2(OX |U ) −→ Defab(Qch(X)).

For a scheme X with semi-separating cover U , put

HH2
HKR(X,U) = Ȟ2(U ,OX)⊕ Ȟ1(U , TX)⊕ Ȟ0(U ,∧2TX).

In [48], for a quasi-compact, separated smooth scheme X with semi-separating
cover U , Toda associates to an element u ∈ HH2

HKR(X) a certain “first order de-
formation” of the abelian category Qch(X). This is an abelian k[ε]-linear category,
which is not a priori a deformation in the sense of §5.1. Let us give a brief re-
view of Toda’s construction. Suppose that u is represented by a triple of cocycles

(α, β, γ). He first constructs a sheaf O(β,γ)
X of non-commutative k[ε]-algebras on

X which depends upon β and γ. Next, the element α gives rise to an element

α̃ = 1− αε ∈ Ȟ2(X, (O(β,γ)
X )×), and he defines

Qchl(X,u) = Qchl(O(β,γ)
X , α̃)

as the category of quasi-coherent α̃-twisted left O(β,γ)
X -modules (defined in analogy

with the case of quasi-coherent twisted modules over a scheme, see for instance [8]).
The category is independent of the choice of the cover U and the triple (α, β, γ),
up to equivalence.

We know from §3 that

HH2(X) ∼= HH2(OX |U ) ∼= HH2
HKR(X,U),

so both (5.9) and Toda’s construction give concrete ways to interpret a Hochschild
2-class of a smooth quasi-compact separated scheme in terms of a certain k[ε]-linear
abelian category. In fact, the conditions on X are necessary for the interpretation
in terms of HH2(X), but not for the construction of the category Qch(X,u).

In this section, we use the isomorphisms

(5.10) H2CGS(OX |U ) ∼= ⊕p+q=2H
p(U ,∧qTX |U ) ∼= ⊕p+q=2Ȟ

p(U ,∧qTX)

from §3.3 and §3.4 in order to show that both constructions are equivalent for a
smooth scheme X with semi-separating cover U .

We first return to the more general setup of a presheaf of commutative algebras,
and we associate to a GS cocycle a Toda-type deformation. Let A be a presheaf
of commutative k-algebras on U , and cGS ∈ H2CGS(A). Suppose that cGS is
represented by a cocycle

(m1, f1, c1) ∈ C0,2(A)⊕C1,1(A)⊕C2,0(A).

As before, we assume the cocycle is normalized and reduced. Since A(U) is not
necessarily a smooth algebra, we cannot assume that (m1, f1, c1) is decomposable.
Instead, by Proposition 2.14 we have a weaker decomposition of normalized reduced
cocycles,

(m1, f1, c1) = (m1, f1, 0) + (0, 0, c1).

Let Ā be the first order twisted deformation of A determined by the cocycle
(m1, f1, c1). By Proposition 2.24, Ā has central twists, and the underlying presheaf
Ā is the first order presheaf deformation of A determined by the cocycle (m1, f1, 0).

Following Toda’s idea, let us give a characterization of Ā. Recall the complex
of presheaves (A•, ϕ•) defined in §2.3. We define a map F : A ⊕ A0 −→ A1 of
presheaves by (f1, ϕ

0), namely, for all U ∈ U ,

FU : A(U)⊕
∏

u : V−→U
A(V ) −→

∏
u : V−→U
v : W−→V

A(W )
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(a, (bu)u) 7−→ (fv1 u
∗(a) + v∗(bu)− buv)u,v.

Equip A(U)⊕A0(U) with the multiplication by

(a, (bu)u) · (a′, (b′u)u) = (aa′, (u∗(a)b′u + buu∗(a′) +m1(u∗(a), u∗(a′)))u).

Then A(U)⊕A0(U) becomes a k[ε]-algebra by setting

(λ+ κε)(a, (bu)u) = (λa, (κu∗(a) + λbu)u), λ, κ ∈ k.
Let GU : Ā(U) −→ A(U)⊕A0(U) be the map a+ bε 7−→ (a, (fu1 (a) + u∗(b))u). It
is easy to verify that GU is a homomorphism of k[ε]-algebras, and the sequence

0 −→ Ā G−−→ A⊕A0 F−−→ A1

is exact.
We obtain categories QPr(Ā), QPrl(Ā) as defined in §4.3, which are independent

of the choice of cocycle, up to equivalence.
Now consider the case A = O = OX |U for X a smooth scheme with a semi-

separating cover U . Assume that (m1, f1, c1) is a normalized reduced decomposable
cocycle. Let Ō be the corresponding first order twisted deformation.

By the correspondence cGS 7−→ csimp given in §3.3, we obtain three reduced
simplicial cocycles Θ0,2,Θ1,1,Θ2,0. Let (α, β, γ) = (ι(Θ2,0), ι(Θ1,1), ι(Θ0,2)) consist

of the corresponding Čech cocycles, representing a class u.

Theorem 5.12. There are equivalences

Qchl(Ō) ∼= QPrl(Ō) ∼= Qchl(X,u)

of Grothendieck abelian categories.
If U is finite, then the abelian categories are flat over k[ε] and constitute (equiv-

alent) first order abelian deformations of Qch(X).

Proof. The first equivalence Qchl(Ō) ∼= QPrl(Ō) was shown in Theorem 4.12 (ap-

plied to Ōop

), and the category Qchl(Ō) (and hence also QPrl(Ō)) is abelian by
Proposition 4.5. According to the quasi-isomorphism given in §3.4, mU

1 = ΘU
2,0 =

γU , so the multiplications on O(U) deformed by m1 and γ are the same. Further-

more, if V ⊆ U , then βV,U = ΘV⊆U
1,1 − ΘU⊆U

1,1 = ΘV⊆U
1,1 lifts fV⊆U1 through the

restriction map O(U) −→ O(V ). This yields that as a presheaf on U ,

Ō = O(β,γ)
X |U .

Consider (FU , φu) ∈ QPrl(Ō). For any pair (Ui, Uj) ∈ U × U , define

ψij = (φUij⊆Uj )
−1φUij⊆Ui : FUi |Uij −→ FUj |Uij

where Uij = Ui ∩ Uj . We know Qchl(Ō|U ) ∼= Modl(Ō(U)) for all U . On the other

hand, Toda has proved Qchl(O(β,γ)
X |U ) ∼= Modl(Ō(U)). Thus we obtain an equiv-

alence Ξ: Qchl(Ō|U ) −→ Qchl(O(β,γ)
X |U ) with Ξ(M̃) equal to the sheaf associated

to M̃ . In order to show that (FU , φu) 7−→ (Ξ(FU ),Ξ(ψij)) gives an equivalence,
we need to show that the collection (Ξ(FU ),Ξ(ψij)) forms a twisted quasi-coherent
module in Toda’s sense (see [48, §4]). To this end, it suffices to check that the
twisted cocycle condition

ψjkψij = (1− αUi,Uj ,Ukε)ψik
holds for any Ui, Uj , Uk ∈ U .

It follows from the chains Uijk ⊆ Uij ⊆ Uj and Uijk ⊆ Ujk ⊆ Uj that

φUijk⊆UijφUij⊆Uj = (1 + c
Uijk⊆Uij⊆Uj
1 ε)φUijk⊆Uj ,

φUijk⊆UjkφUjk⊆Uj = (1 + c
Uijk⊆Ujk⊆Uj
1 ε)φUijk⊆Uj .
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After canceling φUijk⊆Uj , we obtain

φUjk⊆Uj (φUij⊆Uj )
−1 =

(
1− (c

Uijk⊆Uij⊆Uj
1 − cUijk⊆Ujk⊆Uj1 )ε

)
(φUijk⊆Ujk)−1φUijk⊆Uij .

So

ψjkψij = (φUjk⊆Uk)−1φUjk⊆Uj (φUij⊆Uj )
−1φUij⊆Ui

=
(
1− (c

Uijk⊆Uij⊆Uj
1 − cUijk⊆Ujk⊆Uj1 )ε

)
(φUjk⊆Uk)−1(φUijk⊆Ujk)−1φUijk⊆UijφUij⊆Ui

=
(
1− (c

Uijk⊆Uij⊆Uj
1 − cUijk⊆Ujk⊆Uj1 )ε

)
(φUijk⊆UjkφUjk⊆Uk)−1φUijk⊆UijφUij⊆Ui

=
(
1− (c

Uijk⊆Uij⊆Uj
1 − cUijk⊆Ujk⊆Uj1 )ε

)
(1− cUijk⊆Ujk⊆Uk1 ε)(φUijk⊆Uk)−1

(1 + c
Uijk⊆Uij⊆Ui
1 ε)φUijk⊆Ui

=
(
1− (c

Uijk⊆Uij⊆Uj
1 − cUijk⊆Ujk⊆Uj1 + c

Uijk⊆Ujk⊆Uk
1 − cUijk⊆Uij⊆Ui1 )ε

)
(φUijk⊆Uk)−1φUijk⊆Ui

=
(
1− (c

Uijk⊆Uij⊆Uj
1 − cUijk⊆Ujk⊆Uj1 + c

Uijk⊆Ujk⊆Uk
1 − cUijk⊆Uij⊆Ui1 )ε

)
(1 + c

Uijk⊆Uik⊆Uk
1 ε)(φUijk⊆UikφUik⊆Uk)−1(1− cUijk⊆Uik⊆Ui1 ε)φUijk⊆UikφUik⊆Ui

=
(
1− (c

Uijk⊆Uij⊆Uj
1 − cUijk⊆Ujk⊆Uj1 + c

Uijk⊆Ujk⊆Uk
1 − cUijk⊆Uij⊆Ui1

− cUijk⊆Uik⊆Uk1 + c
Uijk⊆Uik⊆Ui
1 )ε

)
(φUik⊆Uk)−1φUik⊆Ui

= (1− ι(Θ2,0)Ui,Uj ,Ukε)ψik

= (1− αUi,Uj ,Ukε)ψik.

Therefore, the corresponding (FU , φu) 7−→ (Ξ(FU ),Ξ(ψij)) gives an equivalence

QPrl(Ō) ∼= Qchl(O(β,γ)
X , α̃) ∼= Qchl(X,u) of abelian categories.

If U is finite, the additional statement is contained in the existence of (5.8) which
was shown earlier on. �

References

[1] Revêtements étales et groupe fondamental (SGA 1), Documents Mathématiques (Paris)
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